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On Bayesian Analysis of Generalized Linear Models:

A New Perspective

Sourish Das∗and Dipak K.Dey

Abstract

We present a new Bayesian approach for analyzing Generalized Linear Models

(GLM). We elicit prior on canonical parameters, since it is much easier for expert,

instead of parameters of interest, that is regression parameters. Under the full rank

assumption of design matrix (X), we show that the various elicited prior on canonical

parameters induce a class of priors on regression parameters, which includes many

commonly used priors. We further show that posterior mode is the Bayes estimator

under a particular loss function. This new method helps us to find the closed form

estimator for the regression parameters of a GLM. We further broaden the horizon

of simple diagnostic techniques of linear model, like Cook’s distance under GLM

frame work. We found that this new Generalized Cook’s distance to be invariant to
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the choice of prior. We also develop various other model diagnostic methods. We

present the performance of this new method on two different real data sets. First we

apply the method on popular data set of Finney (1947); we considered this data set

as test bed for our new method. Then we present the performance of the method for

second data set. In order to investigate the efficacy of a new treatment a very current

investigation on Osteoarthritis of knee was performed during the summer of 2006

and pain score was collected after 90 days of treatment. Bio-marker information on

TNFα cytokines was also recorded as covariates information.

KEY WORDS: Diagnostics; Generalized Cook’s Distance; Outliers; Prior Elicitation.

1 INTRODUCTION

Generalized Linear Models (GLM) have been used for modeling various kinds of data

consisting of exponential family response with covariates. Typical examples include those

for binomial and Poisson response data. A regression model determines the structure

of the covariate information, where a link function specify the relationship between the

regression model and expected values of the observation. However, simple linear model

with normal error structure is a special case of GLM.

Usual Bayesian analysis of such data requires specification of prior for the regression

parameters used in the model. Uniform priors, Jeffrey’s prior or diffuse priors are used

very commonly as conventional noninformative priors. However, eliciting prior directly

on regression parameters are really hard. But often it is much easier to elicit prior

on canonical parameters. In this paper we show that under full rank assumption of
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design matrix, the elicited prior on canonical parameters will induce a proper prior on

the regression parameters. Then one can carry the usual Bayesian analysis based on the

induced prior.

Identifying atypical observation for discordancy in the statistical analysis is an im-

portant practical problem. The inference from any model are based on the statistical

inductive jump from the observed data. The validity of that inference would be expected

to be poor, if the parameter estimates of the model are dependent on few irregular obser-

vations, resulting from isolated events. In addition, when these parameters have scientific

interpretations, presence of unidentified influential observations can mislead the scientist

from the other sciences. Moreover, endeavor to reveal these observations provides wisdom

about the robustness of the fitted model to the given data set. In this paper, we present

straight forward diagnostic technique for GLM.

The format of the paper is as follows. In section 2, we present an overview of GLM

and discuss the new method of fitting GLM by eliciting prior on canonical parameters. In

section 3, we introduce the residuals of GLM. We also discuss the concept of generalized

Cook’s distance to detect the influential observations and some new model diagnostic

technique. In section 4, we discuss the model selection criteria for GLM. In section 5, we

presented the application of the methodology for two different data sets and section 6,

concludes the paper with brief discussions.
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2 GENERALIZED LINEAR MODELS.

The class of GLM, introduced by Nelder and Wedderburn (1972), enjoyed a great deal

of interest from statistical researchers and practitioners. GLM is defined by assuming

that y1, y2, ...yn are independent observations, where yi has the density from the natural

exponential family

f(yi | θi) = exp
{

(θiyi − ψ(θi)) + c(yi)
}

, (2.1)

where i = 1, 2, ..., n. The density in (2.1) is parameterized by the canonical parameter θi.

The ψ(·), and c(·) are known functions and the θi’s are related to the regression coefficients

by the link function

θi = g(ηi), (2.2)

where i = 1, 2, ..., n; and

ηi = x′iβ (2.3)

is the systematic component of GLM. In (2.3) x′i = (xi1, xi2, ..., xip) is a 1 × p vector

denoting the ith row of n × p matrix of covariates X, β = (β1, ..., βp)
′ is a p vector of

regression coefficient, and g(·) is monotonic differentiable function. The model given by

(2.1), (2.2) and (2.3) is called GLM. The Normal, logistic, binomial and Poisson regression

models are special cases of the GLM; see McCaullagh and Nelder (1989) for more details.

It follows from Diaconis and Ylvisker (1979) that the conjugate prior distribution for

θi is

π(θi) = Kexp{mµ0θi −mψ(θi)}, (2.4)

where the normalizing constant K = K(m,µ0) is chosen such that π(θi) is a proper density

function. Here π(θi) is a two parameter natural exponential family of densities for θi with
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the natural parameters m and µ0. It follows immediately from (2.4) that the posterior

distribution of θi is

π(θi | yi) = K
(

µ0 + 1,
yi +mµ0

1 +m

)

exp{(yi +mµ0)θi − (1 +m)ψ(θi)}. (2.5)

Since link function in (2.2) can be considered as a simple monotonic transformation of θi,

then it follows from Das and Dey (2006) that the Jacobian of transformation from θi to

ηi is J
(

θi

ηi

)

= g′(ηi). Hence we have the posterior density for ηi as

π1(ηi | yi) =K
(

µ0 + 1,
yi +mµ0

1 +m

)

exp{(yi +mµ0)g(ηi) − (1 +m)ψ(g(ηi))}g′(ηi), (2.6)

where K
(

µ0 + 1, yi+mµ0

1+m

)

is the normalizing constant. Since the posterior distribution of

ηi is given by (2.6) and g(·) is monotonic twice differentiable function and g′(ηi) 6= 0, then

a little algebra shows that solution of the following equation

ψ′(g(ηi)) =
yi +mµ0

1 +m
+

g′′(ηi)

[g′(ηi)]2
.

1

(1 +m)
(2.7)

is the posterior mode of ηi, which we denote as η̂i = h(yi, m, µ0). Note that h(·) is a

function of the data yi and hyper parameters m and µ0. From now onwards, for simplicity,

we denote the posterior mode of the response as η̂i = h(yi). In vector notation, we write

the same as η̂ = h(y). The n-dimensional vector h(y) can be uniquely decomposed as

h(y) = Ph(y) + (I −P)h(y), (2.8)

where P = X(X′X)−1X′ is of the full rank. Note that P is the linear transformation ma-

trix representing the orthogonal projection from n-dimensional space Rn onto estimation

space C(X), while (I− P) represents the orthogonal projection of Rn onto the error space

C⊥(X). Therefore,

Ph(y) = X(X ′X)−1X ′h(y) = Xβ̂,
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where, β̂ = (X ′X)−1X ′h(y) is the unique least-square estimator of β. Though, Das

and Dey (2006) proposed this estimator for the regression parameters of GLM, they

did not discuss the least-square property of the estimator. Also note that from decision

theoretic point of view one can argue that ηi is a generalized maximum likelihood estimator

(GMLE). Using the invariance property of GMLE, β̂ = (X ′X)−1X ′η̂ is also GMLE of the

regression parameter β. Hald (1999) discussed, why Fisher argued in favor of maximum

likelihood estimator, especially in the context of its invariance property and criticize the

posterior mode strongly because of its lack of invariance and unbiasedness property. Note

that Griffith, Hill and Pope (1987) found, for the nonlinear models, the MLE to have

significant bias for small sample. However for large sample both the MLE and posterior

modes are asymptotically equivalent and consistent estimators.

Since for the small sample both posterior mode and MLE have bias for nonlinear

models, we would take this opportunity to explore the optimal property of posterior

mode. The following lemma shows that under particular loss the posterior mode is Bayes

estimator.

Lemma 1. Suppose the posterior expected loss of an action a, when the posterior distri-

bution is π(θ | x), is

ρ(θ, a) =

∫

Θ

L(θ, a)dF π(θ|x)(θ),

where the loss function is L(θ, a) = log
(

π(a|x)
π(θ|x)

)

. Then the Bayes rule is

δπ(x) = argmax
θ∈ Θ

π(θ | x),

which is the mode of posterior distribution of π(θ | x).

Proof. The value of a which minimizes the ρ(θ, a) can be found by differentiating it
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with respect to a, and setting it equal to zero. Assuming all integrals are finite, the result

is

0 =
∂

∂a

[
∫

Θ

log

(

π(a | x)
π(θ | x)

)

dF π(θ|x)(θ)

]

=
∂

∂a

[
∫

Θ

{

logπ(a | x) − logπ(θ | x)
}

dF π(θ|x)(θ)

]

=
∂

∂a
logπ(a | x).

Hence solving for a gives the required results. 2

Please note that the posterior expected loss in Lemma 1, ρ(θ, a) = E
[

log
(

π(a|x)
π(θ|x)

)]

, can be

interpreted as Kullback-Leiblar divergence of the posterior distribution evaluated under

action a from the true posterior distribution of unknown parameter θ. Hence posterior

expected loss or Kullback-Leiblar divergence is minimum, if we choose our action as

posterior mode.

Issues regarding the prior elicitation : Now we consider one very important issue

about this new procedure. According to this method we elicit prior on the canonical

parameters θ which then induce prior on η; now the question is: Does the prior on η

(which is of n-dimension) induces prior on β ? Note that β has p(< n)-dimension. The

answer to this question is yes and we provide a formal proof in the following lemma.

Lemma 2. Suppose π(η) is a prior distribution on η, where η = (η1, ..., ηn)′ . If we

consider β = (X ′X)−1X ′η, where β is p−dimensional vector. Then under the full-rank

assumption of X, π(.) induces prior on β.

Proof. We consider β = Aη (where A = (X ′X)−1X ′) as a p-dimensional linear trans-

formation of η. We define another set of linear transformation as ξ = Cη of (n −
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p)−dimension. The joint density of β and ξ is

π(β, ξ) = π(η) × J
( η

β, ξ

)

, (2.9)

where J
(

η
β, ξ

)

is the Jacobian of transformation. Now we integrate out ξ from (2.9) to

get,

π(β) =

∫

Ξ

π(β, ξ)dξ.

Hence π(β) is the prior distribution on β, which is being induced by the prior distribution

of η. 2

Immediately this new result, motivates us to investigate what prior would be induced

on the regression parameter (at least for basic intercept model), if we elicit prior on canon-

ical parameters. Consider simple logistic regression model with intercept parameter only.

We can show that if we elicit Beta distribution as prior on the p, that is p ∼ Beta(a, b),

then log
(

p
1−p

)

= β0 ∼ Skew−Logistic(a, b), with the density as π(β0) = 1
B(a,b)

eaβ0

(1+eβ0)a+b ,

where the range of the intercept parameter β0 is real line R. Hence if we assume the prior

distribution over p is uniform distribution i.e., U(0, 1), then the induced prior on β0 follows

standard logistic distribution with location parameter 0 and scale parameter 1. Note that

if we elicit symmetric Beta distribution Beta(a, a) as prior on p, then the induced prior

on β0 is Symmetric−Logistic(a) with density as π(β0) = 1
B(a,a)

eaβ0

(1+eβ0)2a , −∞ < β0 <∞.

Hence if we elicit Jeffrey’s prior on p, which is Beta(0.5, 0.5) then the induced prior on

β0 is Symmetric− Logistic(0.5).

It is common in Bayesian analysis, to assign normal prior on the regression parameters

with a very large variance, so that the prior distribution will be as much non-informative

as possible. The following result provides a prior distribution on p which is induced by

normal distribution on the regression parameters.
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Result 1. For logistic regression if we elicit the normal distribution on the regression

parameters β as N(β0, σ
2(X ′X)−1), then that would induce logistic-normal distribution

on pi, independent of i, with location parameter x′iβ0 and scale parameter σ2 uniquely

and vice-versa. Note that P (yi = 1) = pi and P (yi = 0) = 1 − pi ∀i = 1(1)n.

Proof : We know β = (X ′X)−1X ′η = Aη, where A = (X ′X)−1X ′ such that (i) AA′ =

(X ′X)−1 and (ii) AX = I. Hence Aη ∼ N(AXβ0, σ
2AA′) which implies η ∼ N(Xβ0, σ

2I).

For simplicity ηi ∼ N(µi, σ
2), where µi = x′iβ0 and σ2 is generally known and large. Now

consider the link ηi = log
(

pi

1−pi

)

, where the Jacobian of transformation is J
(

ηi

pi

)

= 1
pi(1−pi)

.

Hence the prior distribution on pi is logistic-normal distribution with density

π(pi) =
exp{− 1

2σ2

(

log
(

pi

1−pi

)

− µi

)2

}
σ
√

2πpi(1 − pi)
, 0 < pi < 1 ∀ i = 1(1)n,

with location parameter x′iβ0 and scale parameters σ2. 2

The result discussed above motivates us to see the behavior of induced prior on p when

σ2 → ∞. We can write the density π(pi) as

π(pi)pi(1 − pi) = φ

(

log
(

pi

1−pi

)

− x′iβ0

σ

)

,

where log
(

pi

1−pi

)

∼ N(x′iβ0, σ
2). By Taylor’s series expansion we can show φ(x) =

φ(0) + xφ′(ξ), where ξ ∈ (0, x); or ξ ∈ (−x, 0) for x > 0. As σ2 → ∞, xφ′(ξ) → 0.

Therefore, Limσ2→∞π(pi) = cp−1
i (1− pi)

−1, where c is (
√

2π)−1. Hence the induced prior

for pi is proportional to that of Novic and Hall’s prior (1965), i.e., π(pi) ∝ p−1
i (1− pi)

−1.

We summarize this in the following result.

Result 2. If we elicit a diffuse prior on β as π(β) =
{

N(β0, σ
2(X ′X)−1) | Limσ2→∞π(β) =

π(β) ∝ 1
}

,then that would induce Novic and Hall’s (1965) non-informative improper prior

π(pi) ∝ p−1
i (1 − pi)

−1 on pi.
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Developing analogous proof, we get the following results for Poisson regression model.

Result 3. For Poisson regression model with log-link, if we elicit the normal distribution

on the regression parameters β as N(β0, σ
2(X ′X)−1), then that would induce log-normal

distribution on λi, independent of i, with location parameter x′iβ0 and scale parameter σ2

uniquely and vice-versa. Note that log(λi) = x′iβ and yi ∼ Poisson(λi) ∀i = 1(1)n.

Result 4. If we elicit a diffuse prior on β as π(β) =
{

N(β0, σ
2(X ′X)−1) | Limσ2→∞π(β) =

π(β) ∝ 1
}

, then that would induce non-informative improper prior π(λi) ∝ 1
λi

on λi,

which is non-informative improper prior for scale parameters.

Result 5. If we elicit Gamma(a, b) on the λi parameter on the intercept only Pois-

son regression model then the induced prior on the intercept parameter β0 follows Log-

Gamma(a, b) with density as π(β0) = exp{aβ0−exp{β0/b}}
Γ(a)ba , −∞ < β0 <∞.

We summarize these result in the Table 1. In order to find the standard error of the

estimator, Das and Dey (2006) used Bayesian CLT to find credible sets for the regression

parameters. However, in our method we already showed that elicited prior on canonical

parameters would induce prior on regression parameters. Analogously we can say that the

posterior on canonical parameters would induce posterior distribution on the regression

parameters. Since we are considering conjugate prior for canonical parameters, it is very

easy to sample from the posterior. Hence we can sample β using Monte-Carlo technique

following three steps.

Step 1. Suppose we are at the rth iteration. Generate sample θ
(r)
i from π(θi | yi) in (2.5)

for i = 1, ..., n.

Step 2. Calculate η
(r)
i = g(θ

(r)
i ) for i = 1, ..., n or η(r) = (η

(r)
1 , η

(r)
2 , ..., η

(r)
n )′.

Step 3. Calculate β(r) = (X ′X)−1X ′η(r), r = 1, 2, ..., N ; where N is the simulation size.
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Once we have the posterior samples of β, {β(r) | r = 1, ..., N}; we can calculate the credible

set and all other summary statistics for β. Note that here the samples {β(r) | r = 1, ..., N}

are not dependent like MCMC samples.

Note that since we are considering conjugate prior for the natural exponential family,

we can generate θi from (2.5) very easily. However one might try some other family where

the posterior distribution of θi does not belong to known distribution. In that case one

might use Metropolis-Hasting to generate sample from the posterior of θi, which is beyond

the scope of this paper. Now we discuss some examples for the better understanding of

the GLM.

2.1 Normal model with identity link.

In this subsection, we present the performance of the method for normal model, since

normal distribution can be used as test bed. For the normal model, we assume, y1, ..., yn

are n independent observations from N(µi, σ
2) with identity link as µi = ηi = x′iβ. We

assume noninformative improper prior for the µi as π(µi) = 1 for all i. Therefore the

posterior distribution of µi given yi is N(yi, σ
2). Hence, the posterior distribution of ηi

given yi is N(yi, σ
2) which implies the posterior mode for ηi is h(yi) = yi. Inevitably our

new method gives us simple ordinary least square estimator β̂ = (X ′X)−1X ′y for the

regression parameter β which is expected.

Next we discuss the Log-Normal Regression model with log link. Though the Bayesian

analysis of Log-Normal regression model was introduced by Zellner (1971); this new

Bayesian method for GLM set-up encourages us to revisit the model once again from
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a new perspective.

2.2 Log-Normal Regression Model

Suppose Yi ∼ Log Normal(νi, σ
2), i = 1, 2, ..., n. Therefore the likelihood of Yi is

f(yi) =
1

yi

√
2πσ2

exp
{

− 1

2σ2
(logyi − νi)

2
}

, 0 < yi <∞,

with µi = eνi as the median and the link function as ηi = logµi, where i = 1, 2, ..., n. The

systematic component is ηi = x′iβ. We note that the unknown parameter σ2 is actually a

nuisance parameter, since our primary interest of parameters are the regression coefficients

in the systematic component part.

Now for some constant τ > 0, we assume the conditional prior distribution of [µi |

σ2] ∼ Log-Normal(µ, τσ2), and the marginal prior distribution of [σ2] ∼ Inv-Gamma(a, b).

It follows that the conditional prior distribution of [νi | σ2] ∼ N(µ, τσ2). Thus the

conditional posterior distribution of [νi | σ2, yi] is

π(νi | σ2, yi) ∼ N

(

µ+ τlogyi

τ + 1
,

τ

τ + 1
σ2

)

,

and the marginal posterior distribution of [σ2 | yi]

π(σ2 | yi) ∼ Inv Gamma
(

a1, b1
)

,

where a1 = a+ 1
2

and b1 = b+ (logyi−µ)2

2(τ+1)
. Therefore we can easily show that the marginal

posterior distribution of [νi | yi] follows a Student’s t-distribution with 2a degrees of

freedom where location parameter is µ1 = µ+τlogyi

τ+1
and scale parameter is τ

τ+1
σ2

1 with 2a

degrees of freedom. Hence the marginal posterior distribution of ηi given yi is

π(ηi | yi) ∼ t2a

(

ηi | µ1,
τ

τ + 1
σ2

1

)

,
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where µ1 = µ+τlogyi

τ+1
. Note that σ2

1 = b1
a1

, where V ar(ηi | yi) = a
a−2

τ
τ+1

b1
a1

. It follows

immediately that the posterior mode of ηi is

η̂i = h(yi) =
µ+ τ log(yi)

τ + 1
, ∀ i = 1(1) n.

Hence the required estimator for β is

β̂ = (X ′X)−1X ′η̂ = (X ′X)−1X ′

(

µ+ τ log(y)

τ + 1

)

,

where y = (y1, y2, ..., yn)′ and the logarithm is defined component wise.

Next we discuss the binomial and Poisson regression models.

2.3 Binomial and Poisson response model.

The binomial response with the logit link is also known as logistic regression model. In

this model, we assume, y1, ..., yn are n independent observations from Binomial(mi, pi),

where log
(

pi

1−pi

)

= θi = ηi = x′iβ, i = 1, ..., n. Considering the conjugate prior for pi

as Beta(a, b), the solution of the equation (2.7) gives the posterior mode of ηi. For our

case, g(ηi) = ηi, and thus g′(ηi) = 1 and g′′(ηi) = 0 and thus we have mieηi

1+eηi
= (yi+a)mi

(mi+a+b)
.

Hence the posterior mode of ηi is η̂i = log
(

yi+a
mi+b−yi

)

and the required estimator for β

is β̂ = (X ′X)−1X ′log
(

y+a
b+m−y

)

, where y = (y1, y2, ..., yn)
′ and the logarithm is defined

component wise. Note that if the response variable has the Bernoulli distribution, then

mi is equal to unity for all i.

Following Das and Dey (2006), we can show the estimator of β for the Poisson re-

sponse model with log-link is β̂ = (X ′X)−1X ′log
(

y+a

1+ 1

b

)

, where y = (y1, y2, ..., yn)
′ and the

logarithm is defined component wise. Note that we choose conjugate prior Gamma(a, b)

for the rate parameters λi, where Yi ∼ Poisson(λi), i = 1, ..., n.
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In the next section, we discuss the important issues of appropriate residuals to be

used for model diagnostic purpose and different diagnostic techniques of GLM.

3 DETECTING ATYPICAL OBSERVATIONS IN

GLM.

Before we draw the inference, appropriate diagnostic method of detecting atypical ob-

servations, like outliers and influential points, is the natural succeeding step to critically

asses the fit of GLM to the data. Any data from large studies often suffers from “atypical”

observations - “atypical” from the point of view of outlying responses (y), and that of

extreme points in the design space (X). Now identifying the influential observation is dif-

ferent from the study of outliers. Because, the fact that an observation is an outlier does

not necessarily imply that this observation substantially affects the parameter estimates

of the assumed model. However, in general it will affect the variance of the estimates. In

this section we present a new diagnostic method of identifying the observations which are

not in agreement with the fitted GLM.

The classical literature on the model diagnostics of linear model is rich, and the

pertinent references are Andrew and Pregibon (1978), Belsley et al., (1980), Draper and

John (1981) and Cook and Weisberg (1982). Pregibon (1981) extended that study to

logistic regression model. The main idea of this approach is to delete dubious observation

and measure the change in the important features of the model, such as estimated pa-

rameter values, because of this deletion. In the context of simple linear model, Chaloner

and Brant (1988) developed influence diagnostics from a Bayesian viewpoint. In order
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to define the latent data residual for binary response regression model, Albert and Chib

(1995) used the notion of tolerance random variable. A different divergence measure ap-

proach based on MCMC technique for detecting influential observations from Bayesian

paradigm was developed by Peng and Dey (1995), Weiss (1996) for GLM. Recently Miller

and Stewart (2007), showed that posterior variance of the log-likelihood from particular

observation is a measure of that observation’s local influence. They obtained this result by

considering the Kullback-Leibler divergence between baseline and case-weight perturbed

posteriors, with local influence being the curvature of the divergence evaluated at baseline

posterior. There are two distinct Bayesian approaches for the determination of outliers

and influential observations. The first is a formal Bayesian method based on posterior

distributions. The second approach to assessing influence is with regards to predictive dis-

tribution, where the influence of an observation is studied by noting the changes in Bayes,

pseudo-Bayes and posterior Bayes factors. The pertinent references are Pettit and Young

(1990) and Gelfand, Dey and Chang (1992). Recently, Marshall and Spiegelhalter (2007)

developed a simulation based approach for identifying outliers in Bayesian hierarchical

models.

It is important to discuss the issues of appropriate residuals to be considered for the

diagnostic purpose. Residuals for simple linear model is well defined and very straight

forward. The concepts of residuals can be defined and illustrated at different levels of

GLM. We can define residuals at systematic component level and simultaneously we can

define it at random component level. Equation (2.8) motivates us to decompose the

n-dimension vector η as

η = Pη + (I − P )η, (3.10)
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where η = (η1, η2, . . . , ηn)T = Xβ. Now using Bayesian CLT, the posterior distribution

of Pη is approximately N(P η̂, P I(η̂)−1P T ) and the posterior distribution of (I − P )η

is approximately N((I − P )η̂, (I − P )I(η̂)−1(I − P )T ). Note that I(η̂)−1 is the inverse

of observed generalized Fisher’s Information. Therefore, we define the residuals as ǫi =

(1 − pii)ηi and hence the posterior mean of ǫi is the observed residual ǫ̂i = (1 − pii)h(yi).

Here we define the residual at systematic component. Similarly, the residuals can also

be defined at random component level. The popular form of this type of residual is

χ = (yi − µ̂i)/{V (µ̂i)}
1

2 , where V (µ) is the function relating the variance to the mean of

y and µ̂i is the generalized maximum likelihood estimate (or posterior mode) of the ith

mean as fitted to the regression model; see McCullough and Nelder (1989).

3.1 Detecting Outliers using Highest Residual Density Interval

Generally it is to be expected that the posterior distribution of residuals at both random

component and systematic levels of the GLM have some approximate normal distributions

with means E(ǫ̂) = 0 and E(ǫ̂ǫ̂′) = σ2(I − P). Now we define R̂(π̂α) = {ǫ̂i : π(ǫ̂i) ≥

πα; ∀ i = 1, ..., n}, where R̂(π̂α) is the highest marginal density set of the Bayesian

residuals at systematic levels. If the residual ǫ̂i * R̂(π̂α), then we detect it as an outlier.

Chen, Shao and Ibrahim (2001) discussed the algorithm for computation of 100 × (1 −

α)% HPD interval if we just sample the (generally MCMC sample) from the posterior

distribution. Now we can use the same algorithm to compute the set R̂(π̂α).

Next we discuss some diagnostic tools for GLM and discuss the issues related to them.

In GLM, the influence of case i on the estimation of β can be measured by the distance

which calibrates β̂− β̂(i) by comparison to the confidence contour for β. This simple idea
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motivates us to the concept of Influence Functions. This concept is well known for simple

linear model.

3.2 Detecting Influential Observations

A class of measures of influence of ith observation is based on the idea of the influence

function introduced by Hampel (1974). Following the motivation from Chatterjee and

Hadi (1986) the generalized sample influence curve (GSIC) can be defined as

GSICi = (n− 1)(XTX)−1xT
i (h(yi) − xiβ̂(i))

= (n− 1)(XTX)−1xT
i

ǫ̂i
1 − pii

, (3.11)

where β̂(i) = (XT
(i)X(i))

−1XT
(i)h(y(i)) is the estimate of β when the ith observation is omit-

ted. Also note that η̂ = h(y) is the posterior mode of the systematic component η,

η̃ = Ph(y) = P η̂ = Xβ̂ is the estimated systematic component at design space and

ǫ-residual is defined in the previous section as ǫ̂ = η̂ − η̃ = (I − P )η̂.

The generalized sensitivity curve (GSC) is obtained as GSCi = n(XTX)−1xT
i

ǫ̂i

1−pii
.

Now one can easily show that

IFi = β̂ − β̂(i) = (XTX)−1xT
i

ǫ̂i
1 − pii

, i = 1, ..., n. (3.12)

Clearly, GSICi and GSCi are equivalent and can be interpreted as proportional to the

distance between β̂ and β̂(i). Since IFi is a vector, we must normalize it so that observation

can be ordered. The class of norms which are location and/or scale invariant is given by

Di(M ; c) =
(IFi)

TM(IFi)

c
(3.13)

for appropriate choice of M and c. A large value of Di(M ; c) presents the evidence that

the ith observation has strong influence on the estimated coefficients relative to M and c.
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3.3 Generalized Cook’s Distance

If we use the generalized sample influence curve (GSIC) to approximate the influence

function, then from (3.13) we obtain the Generalized Cook’s distance as

Ci =
(β̂ − β̂(i))

T (XTX)(β̂ − β̂(i))

pσ̂2
, (3.14)

where σ̂2 is defined in following way. Equation (2.8) motivates us the orthogonal normal-

ized sum of squares decomposition as

η̂T η̂ = η̂TP η̂ + η̂T (I − P )η̂, (3.15)

where we define these sum of squares as: GSST = η̂T η̂ = h(y)Th(y) as the generalized

total sum of squares, GSSR = η̂TP η̂ = h(y)TPh(y) as the generalized model sum of

squares and GSSE = η̂T (I − P )η̂ = h(y)T (I − P )h(y) as the generalized error sum

of squares. For normal model with identity link in section 2.1, the posterior mode is

h(y) = y; hence simple linear model becomes a particular case of this generalized ANOVA

decomposition. Consequently, after some simple algebra, we can show that

E(GSSE) = E(η̂T (I − P )η̂) ≃ σ2(n− p)

or E
[GSSE

(n− p)

]

= E
[ η̂T (I − P )η̂

(n− p)

]

≃ σ2. (3.16)

Hence, from (3.16) we define σ̂2 for (3.14) as σ̂2 = η̂T (I−P )η̂
(n−p)

= GSSE
(n−p)

= GMSE. Note

that by GMSE we mean generalized mean square error. Here we must annotate the

generalized Cook’s distance as the scaled Euclidean distance between the two vectors of

fitted value of GLM when fitting is done by including or excluding the ith observation.

In the next section, we develop some simple idea of model selection criterion.
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4 MODEL SELECTION CRITERIA FOR GLM

One of the fundamental mission of any scientific investigation is, given the evidence, select

a statistical model from a set of potential models. In order to arbitrate the principle behind

the series of observations, which is often linked directly to a statistical model predicting

those observations, correct model selection is an important scientific problem that we

discussed in this section. There are endless number of possible models that could have

produced the data. How can one even initiate to decide on the appropriate model? One

of the conventional approach is first to choose an appropriate class of models with proper

scientific justification. Then choose the model from that class which is well-suited to the

evidence or data. A good model selection technique will maintain the harmony between

goodness of fit and complexity of the model. Generally complex models are more able to

adapt the fit of the data. However, these models often face the lack of interpretability.

As we discussed in the previous paragraph that we choose the appropriate model from

a scientifically justified class of models. In this paper we discuss some criteria of selecting

model from the class of GLM. The orthogonal sum normalized decomposition presented

at (3.15), motivates us to discuss a simple idea of Generalized R2, which is analogous to

the idea of selecting model based on R2 criterion for the class of simple linear models. We

can define Generalized R2 as

GR2 =
GSSR

GSST
=

|| Ph(y) ||2
|| h(y) ||2 . (4.17)

Clearly for normal model with identity link as discussed in section 2.1, the posterior mode

is h(y) = y, and usual R2 of simple linear model is a special case of Generalized R2. In

addition to Generalized R2, we also explain the notion of Generalized Predicted Residual
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Sum of Square(GPRESS), which can be defined as

GPRESS =

n
∑

i=1

(η̂i − ˆ̂ηi(i))
2 =

n
∑

i=1

( ǫ̂i
1 − pii

)2

, (4.18)

with the same notation as explained in the previous sections.

Next, we see the performance of these methods in real data set.

5 EXAMPLES

In this section, we present the performance of our proposed methods, developed in the

previous sections, for two real data sets. First we apply the method on popular data set

of Finney (1947), where a carefully controlled experiments in human physiology has been

demonstrated. Then we exhibit the performance of the method for second data set, where

a very current investigation on Osteoarthritis of knee was performed and pain score was

collected after 90 days of treatment. Bio-marker information on TNFα cytokineses was

also recorded as covariates information.

5.1 Application to Finney data: an example of Logistic Regres-

sion.

As an illustration of the standard output from this new method of fit, and diagnostics

we use the data set from Finney (1947), as test bed of our method. The detail analysis

can be found in Finney (1947), Pregibon (1981) and Peng and Dey (1995). However we

present a summary report of the analysis and diagnostics in this paper. We fit the logistic
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model to the data as,

log
( p

1 − p

)

= β1 + β2log(Rate) + β3log(V olume).

Following findings are worth to mention in this paper. The ordered component of ǫ resid-

uals defined at systematic component level and χ residuals defined at random component

level are plotted against standard normal quantiles in Figure 1. Clearly, four observations,

4th, 18th, 19th and 24th are not well fit by the model. Both χ-residuals and ǫ-residuals for

these observations deviate from the straight line configuration of the others.

We compute the Generalized Cook’s distance for each observation and the index

plot of generalized Cook’s distance in Figure 2, clearly shows that 32nd observation has

significant influence on the analysis. However, other outliers do not have any major

influential effects on the regression fit. Hence 32nd observation is most influential, even if

it is not an outlier. Pregibon (1981) said this about this 32nd observation:

“ A very careful reader may have noticed a discrepancy between the data used

here and those given in the Finney paper. The problem is that he reports

RATE32 = 0.03 but log10(10×RATE32) = 0.48(= log10(10 × 0.30)). Judging

from his plot of the data, RATE32 should be 0.30 rather than 0.03, but the

latter value is the one that we used. Will this appreciably change the results

of our analysis?...”

So possibly that was a typographical error in the Finney’s data. However, we used

that value 0.03, (which should be 0.30 for RATE32) as it is there in the Finney’s data,

for our analysis. Interestingly enough, Figure 2 is detecting that typographical error of

Finney’s Data. One must remember in this regard that Generalized Cook’s Distance is
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invariant to the choice of prior.

Following Peng and Dey (1995), Hellinger distances, Kullback-Leibler divergence, and

L1 divergence measure for each observations of the Finney data were computed. All three

divergence measure indicates that first five most influential observations are in the same

order; i.e., 4th, 18th, 19th, 32nd and 24th are the most influential observations of the data

set. We must note that 4th, 18th, 19th, and 24th observations are detected as outliers

by our technique, and 32nd observation is detected as the most influential observation of

the data set. Divergence measure techniques can identify all those atypical values in the

data set. However, these measures cannot classify an atypical observation from outlier

to influential observation. In Finney’s data we have only two exposure variables V olume

and Rate. If we consider all possible combinations, then we have 4 different models all

together. The four different models are as follows:

M1 : log
( p

1 − p

)

= β0,

M2 : log
( p

1 − p

)

= β0 + β1log(V olume),

M3 : log
( p

1 − p

)

= β0 + β2log(Rate),

M4 : log
( p

1 − p

)

= β0 + β1log(V olume) + β2log(Rate).

We use GR2 and GPRESS as model selection criteria. The one of the interesting feature

is that GR2 is invariant to the choice of the prior distribution. However GPRESS is very

sensitive to the choice of prior. So if any one wants to use the GPRESS as the model

selection criterion then the investigator must determine the prior before hand and use the

same prior for all the models. However for GR2, investigators need not worry about the

choice of prior distribution. Irrespective of the selection criteria, the order of the model
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from the best to worst as M4, M2, M3 and M1 respectively. In summary we can say GR2

has some comparative advantages over GPRESS, as because this is invariant to choice

of prior distribution. In addition to that GR2 has simple interpretation of the amount

of the variability explained by the model compare to that of total variability exist in the

data.

Next we discuss the performance of these new methods for a recent study on Os-

teoarthritis of knee.

5.2 Osteoarthritis Data

Osteoarthritis (OA) is very common form of inflammatory joint disease characterized by

articular cartilage degradation with an accompanying peri-articular bone response. OA

affects nearly 21 million people in United States, accounting for 25% visits to primary

care physicians. Clinical manifestations of OA of knee are pain in and around the joint,

stiffness of the joint after rest, crepitation on motion, limited joint motion etc.

In recent years, the gum resin extracted from an ancient herb Boswellia (Bosqwellia

serrata) has gained good attention as a potent anti-inflammatory, anti-arthritic and anal-

gesic agent. 5-Loxinr is a novel Boswellia serrata extract (US Patent 2004/0073060A1)

which confers a significant improvement in paw inflammation in albino Wister rats. Per-

tinent reference is Roy, et.al. (2005). Cell based in vitro studies and in vivo experiments

conducted in Sprague Dawley rats demonstrate that 5-Loxinr potentially inhibits the

pro-inflammatory cytokines such as TNFα. Importantly, acute and dose-dependent sub-

chronic safety studies in rats demonstrate that 5-Loxinr does not exhibit toxic manifes-
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tation.

The first human clinical trial on 5-Loxinr was performed at ASR Academy of Medical

Science, Eluru, Andhrapradesh, India during 2006. A total of 70 patients were selected for

the trial following the IRB protocol of the inclusion-exclusion criterion set by American

College of Rheumatology. All participants submitted the written consent to participate in

the study.The participants were randomly distributed into three groups; Placebo (n=23),

5 Loxinr low dose (100 mg/day) (n=24), and 5 Loxinr (250 mg/day) (n=23) high dose

group. After three months of treatment, all participants were assessed for pain score and

physical ability at Day 90. Various parameters of serum biochemistry, hematology and

urine analysis were also carried out. In this article we present the analysis that reveals

the relation between VAS (Visual Analogue Scale) score for pain, treatment and the

bio-markers measured for the pro-inflammatory cytokines (measured in log-scale), named

TNFα.

We assume VAS score for pain as response and has a log-normal distribution. We con-

sidered the treatment (2 (low/high) doses of 5 Loxinr and Placebo) and the Bio-markers

for TNFα cytokines measured in log-scale as covariates with an intercepts parameter.

We denote yi as the VAS score for ith patient, xi1= indicator variable corresponding to

Low dose group (5 Loxinr 100 mg/day), xi2= indicator variable corresponding to High

dose group (5 Loxinr 250 mg/day), xi3= log(Bio-markers for TNFα cytokines) for the

ith patient. So altogether we denote x′i = (1, xi1, xi2, xi4)4×1 as the covariates observed

for the ith patient. We assume, yi ∼ log-normal(νi, σ
2) with µi = eνi as the median and

the link function as ηi = log(µi), where i = 1, 2, ..., 70. The systematic component is

ηi = x′iβ, where β = (β0, β1, β2, β3)
′ is the regression coefficient vector. We must note that
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the unknown parameter σ2 is actually a nuisance parameter and our primary interest of

parameters are the regression coefficients in the systematic component part.

We recall one thing that according to FDA guideline for Bayesian Clinical trial, an

FDA advisory panel and the investigator(s) must identify the prior information in an

agreement meeting. Generally eliciting the prior directly on the parameters (endpoints)

of interest in a clinical trial is always very controversial. However, it is easier to reach at

the agreement if we elicit prior on nuisance parameter or canonical parameters. In other

words, it is advisable to elicit prior on the parameter which is not the primary interest of

the study. Our proposed method exactly solve that purpose. We elicit the prior on the

canonical parameters and nuisance parameters as [νi1 | σ2] ∼ Normal(µ, τσ2), τ > 0

and [σ2] ∼ Inv Gamma(a, b), then following the method as we discussed in section(2.2)

we fit the model to the data. We use R software for our purpose of analysis.

We present the estimate of the regression coefficients, corresponding standard devi-

ation and the 95% Credible Interval based on Monte-Carlo method in Table 2. We also

perform the analysis based on as what described by Das and Dey (2006). We found the

estimates of the regression parameters, based on Das and Dey’s estimator, almost coin-

cide with our Monte-Carlo estimates. However, the credible interval based on Bayesian

CLT as recommended by Das and Dey (2006) is much wider than our Monte-Carlo 95%

credible interval. We conclude from Table 2 as following. The 95% Credible Interval for

both Low Dose and High Dose are far away from the value 0, which lead us to believe that

the treatment has statistically significant effect in reducing the pain. In addition, we can

conclude that High Dose is statistically significantly better than Low Dose, because 95%

credible interval for High dose fall entirely below the 95% credible interval for Low dose.
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Interestingly our analysis shows that the TNFα cytokines does not have any statistically

significant effect over pain score. We still allow that covariate in our final model and the

reason for that we substantiate from Roy, et.al. (2005).

The residual density plot and index plot of Generalized Cook’s distance is presented

in Figure 3. The residual density plot is fairly normal and we found that 26th, 27th and

51st observations are outliers, where 26th and 27th patients were treated under high dose

group and 51st patient was assigned in placebo group. We also observed that three most

influential observations, as detected by Generalized Cook’s distance, are 51st, 26th and

27th observations. Interestingly, all these three patients were also detected as outliers. We

also note that observation from 52nd and 63rd patients have large influential effect.

6 Discussion

One major contribution of this method is to elicit the prior on either canonical parame-

ters or nuisance parameters, avoiding the controversy of eliciting the prior on parameters

of interest. In this paper we introduced the generalized version of regular diagnostic

technique like Cook’s distances or sample influence curve for GLM and simple idea of

detecting outliers using highest marginal residual density interval. The concepts of resid-

uals we introduced in section 3, can be improved in many ways using Bayesian asymptotic

techniques. We can extend the notion of generalized Cook’s distance using the simple con-

cepts of influence function in many directions. We can broaden this view comfortably to

the direction of developing generalized adaption of modified Cook’s distance, DFFITS or

Andrew-Pregibon type statistics etc. One must note that Generalized Cook’s distance or
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Generalized R2 type model selection techniques are location and/or scale invariant. In

consequence these measure are invariant to the choice of hyper parameters; which means

they are independent of choice of prior distributions. Since Generalized Cook’s Distance

is invariant to the choice of prior, therefore this invariance property of Generalized Cook’s

Distance makes it more useful in detecting the influential observation. In Finney’s data

example the Figure 2 about index plots of Generalized Cook’s distance exposed the 32nd

observation as a big influential observation, which is actually a typographical error from

Finney’s paper of 1947. However, this event elevates two things. Generalized Cook’s

distance is a good measure of detecting the influential observations and it shows that this

new method is very sensitive to influential observations. Therefore we strongly recom-

mend that one must check all the diagnostic for the atypical observations before drawing

the inference based on the regression fit using this new method of GLM. The graphical

presentation of these simple diagnostic techniques, presented in this paper, has a charm

of its own for the broader scientific community beyond statistics. This is certainly an

important feature of these diagnostic techniques presented in this paper.
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Table 1: Relation between elicited and induced prior for some standard models

Model θ prior on θ prior on β

Logistic regression

with intercept only pi Beta(a, b) Skew-Logistic(a,b)

same as above pi Beta(a, a) Symmetric-Logistic (a,b)

same as above pi Beta(1, 1) Standard-Logistic(0,1)

Regular Logistic Model pi logit-Norm(x′iβ0, σ
2) β ∼ N(β0, σ

2(X ′X)−1)

Poisson regression

with intercept only λi Gamma(a, b) Log-Gamma(a,b)

Regular Poisson Model λi log-Norm(x′iβ0, σ
2) β ∼ N(β0, σ

2(X ′X)−1)

Table 2: Bayesian Monte Carlo Analysis of Osteoarthritis Study

Intercept Low Dose High Dose Bio-Marker (TNFα)

β0 β1 β2 β3

Estimates 3.550 -0.6228 -1.0650 0.0179

sd 0.43377 0.08026 0.09436 0.08820

95% CI (2.724, 4.392) (-0.775, -0.466) (-1.248, -0.886) (-0.155, 0.187)
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Figure 1: Normal probability plot of Finney’s data, the ordered component of ǫ residual vs

standard normal quantiles and the ordered component of χ residuals vs standard normal

quantiles.
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Figure 2: Index plots of the Generalized Cook’s Distance for Finney’s Data.
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Figure 3: Model Diagnostics of Osteoarthritis Data
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