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1. Analytically?  
2. Automatically? 

 

… and what does this buy us for engineering applications? 



The space/model of images of an object? 

Conceptual Problem: 
 

Given (information about) an object    , can we provably detect or  
    recognize the object from a new image    ?  

This talk:  
    Attempt this for fixed pose, variations in illumination, (and possibly  
      occlusion). 



The goal – practical? 

Many engineering approaches to mitigate illumination: 
 
   Quotient images 
         [Riklin-Raviv, Shashua ‘99] [Wang, Li, Wang ‘04]  

 
   Nonlinear features  
         SIFT [Lowe ‘99], HOG [Dalal, Triggs ‘05] 
         LBP [Ojala, Pietikäinen, Harwood ’94,  
                     Ahonen, Hadid, Pietikainen ‘06] 

 
   Total variation minimization 
         [Yin et. Al. ] 

 
Or use heuristic / intuitive physics … 
        [Murase, Nayar ‘96], [Belhumeur , Kriegman ‘98],  [Basri, Jacobs ‘03],  
        [Ramamoorthi ‘01], [Basri, Frolova ‘04], [ W. et. al. ‘09], many others… 
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Labeled Faces in the Wild results 
http://vis-www.cs.umass.edu/lfw/results.html 
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Ex: Face recognition with    -regression: 

If test image                    is also of subject   , then  

Linear subspace model for images of same face under varying illumination:  

Subject i training 

for some                 .                  

[W., Yang, Ganesh, Sastry, Ma, TPAMI’09] 



Underdetermined system of linear equations in unknowns          : 

Seek the sparsest solution: 

Solution is not unique … but   

    should be sparse: ideally, only supported on images of the same subject 

    expected to be sparse: occlusion only affects a subset of the pixels 

convex relaxation 

Ex: Face recognition with    -regression: 

[W., Yang, Ganesh, Sastry, Ma, TPAMI’09] 



Input:  

Ex: Face recognition with    -regression: 

[W., Yang, Ganesh, Sastry, Ma, TPAMI’09] 



Extended Yale B Database  
(38 subjects) Testing: subset 3 (453 images) 

Training: subsets 1 and 2 (717 images)  

30% corruption 

50% 

70% 

99.3% 90.7% 

37.5% 

Ex: Face recognition with    -regression: 

[W., Yang, Ganesh, Sastry, Ma, TPAMI’09] 



Ex: Face recognition with    -regression: 

If     is “nice” and the model                    fits, can make 
strong statements about the performance of     regression.  

[W., Ma, Tr. IT ’09] 
See also … [Candes+Tao ’05], [Li ’11], [Ngyuen+Tran ’12],    

[McCoy+Tropp ’13], [Foygel+Mackey ‘13] 



The space/model of face images of a person? 

Conceptual Problem: 
 

Given (information about) an object    , can we provably detect or  
    recognize the object from a new image    ?  

This talk:  
    Attempt this for fixed pose, variations in illumination, (and possibly  
      occlusion). 



Geometry of illumination variations 

Distant illumination identified with a Riemann integrable,  
   nonnegative  function                     . 
 

Assume a linear sensor response. The image         can often be written as 
 
 

What is the set of possible images         of     ?  
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Distant illumination identified with a Riemann integrable,  
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Assume a linear sensor response. The image         can often be written as 
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Geometry of illumination variations 

Ambient cone model. Illumination is the sum of ambient and 
directional (arbitrary) components: 
 
 
and corresponding cone of possible images:  
 



Approximating a convex cone 

Angular detector: is      in or close to        ? 
 
 
 
 
 
 

Accept any input     that is an image of      
                under some valid illumination.  
Reject any input     that is not.  

Work with a “Hausdorff distance” between cones: 

If      approximates      in Hausdorff sense, we lose  little in working with     . 

. 



Cone Approximation: Existing Results 

Approximation of general convex bodies in high dimensions is a disaster: 

Theorem 2. [Bronstein, Ivanov ‘76]  Let                be a convex body. There exists 
an   -approximation to     in Hausdorff distance, with 
 

vertices. For the unit sphere, this is optimal up to a constant. 

Informal claim [Basri and Jacobs ‘03, Basri and Frolova ’04]: 

 For an convex, Lambertian object     , there exists a subspace    , with  
                        , such that if                      is a uniformly oriented random  
      point source,  
 

In vision literature, results for average case, for convex objects: 

Is there any special structure we can use here? 



Extreme rays 

Image formation:                                          .    
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        directional illumination: 
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   dimensional submanifold of        : 
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Lemma. [Just approximate the extreme rays].  Let                            . Then  
 
 
 
where   

Extreme rays lie on a low  
   dimensional submanifold of        : 



Cone Approximation: New Results 

If we define an illumination covering number 
 
                                                                                   , 
 
 

This implies in general,                                           ,   
 
and for convex objects                                             . 



Proof Sketch 

     

Control the complexity of cone approximation in terms of object convexity defect. 

 
 

The conceptual idea: 
Separate the direct illumination operator into  
   a low-rank part (due to smooth variations)   
   and a sparse part (due to cast shadows): 
 
 
The low-rank term can be bounded by direct 
 calculation; the sparse term needs a more involved accounting.  

 



LR+S captures physical intuition 

Calculations with the Lambertian sphere suggest that sets of images of  
smooth, near-convex objects should be approximately low-rank: 
[Basri+Jacobs ’03,Ramamoorthi ‘04]. 

 
 
Cast shadows are often sparse  
[W., Yang, … Ma, ‘09] , [Candes, Li, Ma, W. ‘11]: 

 
 
 
 

Observations used in  
photometric stereo: 
[Wu et. Al. ‘11] : 
 
 

How can we exploit these structures to obtain compact 
representation/approximation of the cone? 



Low-rank and sparse recovery 

Convex relaxation:  
   [Chadrasekaran et. al.  ’11]                                         
 
 

Provably effective for recovery (and statistical estimation): 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

See also … [Chadrasekaran,Sanghavi,Willsky,Parillo’11], [Candes, Li, Ma, W. ‘11], 
[Hsu, Kakade, Zhang ’12], [Agarwal, Wainwright ‘12],  



… 

… 

58 images of one person 
under varying lighting: 
 

      cast  

shadows 

specularity 



Cone-preserving dimensionality reduction 

A low-rank and sparse decomposition that provably 
preserves verification performance? 
 

Would need to solve 

… but constraint is very complicated. Relax to: 



Guaranteed Illumination Models for Nonconvex Objects, Zhang, Mu, Kuo, W., Arxiv ’13 

 
Compressive Principal Component Pursuit, W., Ganesh, Min, Ma, I&I ’13 

 
Towards a Practical Automatic Face Recognition, Wagner, W., Ganesh, Zhou, Mobahi, Ma, 

PAMI ’12 

 
Robust Principal Component Analysis? Candes, Li, Ma, W. JACM ’11 

 
Dense Error Correction via       Minimization. W. and Ma, Information Theory ’10 

 
Robust Face Recognition via Sparse Representation, W., Yang, Ganesh,, Sastry, Ma, PAMI ’09 

Provable Low-Dim Structures of Visual Data 



Low-rank and sparse: applications 

Audio: music and voices  
     [Huang et. al. ’12] 

Video: foreground/background 
  [CLMW ’11] 

Alignment: images online 
  [PGWM’11] 

Learning graphical models:  
  [Chandrasekaran et. al. ’12] 

Many others … text (robust topic models), community detection in graphs, 
subspace segmentation, 3D reconstruction… 



Generalizations 

Upgrade a certificate to a compressive certificate. More generally: 
 

Multiple structure decomposition: 

Compressive multiple structure decomposition: 

Examples: PCP [Chadrasekaran,Sanghavi,Willsky,Parillo’11,CLMW ‘11],  
   outlier pursuit [Xu+Caramanis+Sanghavi],  
   morphological component analysis [Bobin et. al.], many more … 



Learning simple signal models? 

  
 
 
 
 
with                  sparse  - most of the           are zero. 
 

 
Good model for many types of imagery data, especially if we  
    can learn the dictionary                                         :  
 
 
 
 
 

=

Data 
Dictionary 



The model problem 

D = L+ S

k column subspaces of  

Ambiguities:                       or                                               ? 

Peculiar geometry: 



When is dictionary learning well-posed? 

      k column  
subspaces of  

      k+1 points 
per subspace 

Solution is unique: 



When does a learned dictionary generalize? 

See also [Maurer and Pontil ’10]. 



How can we learn a good dictionary? 

Recently: Supervised variants [Mairal et. al. ‘08], structured dictionaries 
[Rubenstein et. al. ‘10], highly scalable variants [Mairal et. al. ‘10]  … and 
many, many more… 

 

      Alternating directions to minimize sparsity surrogate 
           [Engan et. al., ‘99,  Aharon et. al. ’05,  Yaghoobi ‘10] 

 



Is the desired solution a local minimum? 

For square     , under probabilistic assumptions on     ,      
               is a local minimum whp: 



Is the desired solution a local minimum? 

For general     , under probabilistic assumptions on     ,      
               is a local minimum whp: 



Is this obvious? 
Maybe … but surprisingly resistant to analysis … 
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Is this obvious? 
Maybe … but surprisingly resistant to analysis … 

Have to analyze an        problem  
    over an affine space. 
 
 
RIP ect., fail here  
    ess. sign-permutation ambiguity 
 
 
Use ideas from low-rank recovery 
  [Gross ‘09], [Candes, Li, Ma, W. ’12]. 



Can we obtain global results? 
In general, not easy…  special geometry for square case 

If                        nonsingular,  

 Rows of        are sparse  
     vectors in a known subspace. 



Uniqueness – square dictionaries 

 Rows of       are sparse  
     vectors in a known subspace. 

If                       , then whp. rows of       are the  
    sparsest vectors in                 : 



Uniqueness – square dictionaries 

Theorem [Spielman, Wang, W. ‘11]:  
  Decomposition essentially unique from  
                     random observations.  

Theorem [Aharon, Elad, Bruckstein ‘05]:     
  Decomposition is essentially unique from 
                     strategically located observations.  
  

Overcomplete: 

Square: 



Algorithms – square dictionaries 

 Rows of       are sparsest  
     vectors in                 . 
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Algorithms – square dictionaries 

What choice of       will make                          ? 
 

 
 
Change variables                   : 
 
 
 
 
If                 , we’re golden …  
 
       Don’t have this; use                                   . 



Algorithms – square dictionaries 



Algorithms – square dictionaries 



Provable solution in the complete case 

If the expected nonzeros per column is smaller than 
   the algorithm succeeds whp: 
 
 
 
 
 
 
 
Sample requirement                           .  



Does it really work? 

Caveat: exact sparse, noiseless setting. 



Guaranteed Illumination Models for Nonconvex Objects, Zhang, Mu, Kuo, W., Arxiv ’13 

Compressive Principal Component Pursuit, W., Ganesh, Min, Ma, I&I ‘13 
 

Local correctness of     -minimization for dictionary learning, Geng, W., Arxiv ‘11 

Exact Recovery of Sparsely-Used Dictionaries, Spielman, Wang, W., COLT ’12  
 

Robust Principal Component Analysis? Candes, Li, Ma, W. JACM ’11 

Robust Face Recognition via Sparse Representation, W., Yang, Ganesh,, Sastry, Ma, PAMI ‘09 

Towards a Practical Automatic Face Recognition … Wagner, W., Ganesh, Zhou, Mobahi, Ma, 

PAMI ‘12 

Provable Representations for Visual Data 
Thanks to … 


