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Lecture Outline
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ÅFORM

ÅAdvanced Mean Value

ÅSORM

ÅLimit State Approximations

ÅProbability Calculations

ÅGlobal Reliability Methods
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Safety Factors

ÅMuch of the early work on engineering reliability comes from the civil 

engineering field, concerned with reliability of structures

ÅIn this lecture, the notation of L = load, R = resistance, we want L < R

ÅNominal safety factor:  SF = Rnom/Lnom, where Rnominal is usually a 

conservative value (e.g. 2-3 standard deviations below the mean) and 

Lnominal is also a conservative value (2-3 standard deviations above the 

mean)

ÅProblem:  the nominal safety factor may not convey the true margin of 

safety in a design

RL
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Safety Factors

ÅVariety of approaches to improve a design

ïIncrease the distance between the relative positions of the 

two curves:  this reduces the probability of the overlapping 

area, and the probability of failure decreases

ïReduce the dispersion of the two curves

ïImprove the shapes of the two curves
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Probability of Failure

In practice, this integration is hard to perform and doesnôt 

always have an explicit form, except in some special 

cases
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Probability of Failure

ÅSpecial Case:  R~N(m
R
, s

R
) , L~N(m

L
, s

L
)

ÅDefine Z = R ïL

ÅThere are also modifications which treat multiple loads, 
or lognormal distributions (Haldar and Mahadevan)
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Reliability Analysis

ÅAssume that the probability of failure is based on a specific 

performance criterion which is a function of random variables, 

denoted Xi.

ÅThe performance function is described by Z: 

Z = g(X1, X2, X3 , é, Xn)

ÅThe failure surface or limit state is defined as Z = 0.  It is a 

boundary between safe and unsafe regions in a parameter 

space.  

ÅNow we have a more general form of Pfailure
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Reliability Analysis

ÅNote that the failure integral has the joint probability density 

function, f, for the random variables, and the integration is 

performed over the failure region

ÅIf the variables are independent, we can replace this with the 

product of the individual density functions

ÅIn general, this is a multi-dimensional integral and is difficult to 

evaluate.  

ÅPeople use approximations.  If the limit state is a linear function of 

the inputs (or is approximated by one), first-order reliability methods 

(FORM) are used. 

ÅIf the nonlinear limit state is approximated by a second-order 

representation, second-order reliability methods (SORM) are used.
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Mean Value Method (FOSM)

ÅOften called the First-Order Second-Moment (FOSM) method or the 

Mean Value FOSM method

ÅThe FOSM method is based on a first-order Taylor series expansion of 

the performance function

ÅIt is evaluated at the mean values of the random variables, and only 

uses means and covariances of the random variables

ÅThe mean value method only requires one evaluation of the response 

function at the mean values of the inputs, plus n derivative values if one 

assumes the variables are independent Ą n+1 evaluations in the 

simplest approach (CHEAP!)
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Mean Value Method (FOSM)

ÅIntroduce the idea of a safety index b(think of this as how far in 
ñnormal spaceò that your design is away from failure)

ÅFOSM does not use distribution information when it is available

ÅWhen g(x) is nonlinear, significant error may be introduced by 
neglecting higher order terms in the expansion

ÅThe safety index fails to be constant under different problem 
formulations

ÅIt can be very efficient.  When g(x) is linear and the input variables 
are normal, the mean value method gives exact results!  
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Mean Value Method (FOSM)

Some extensions/notation
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Most Probable Point Methods

ÅTransform the uncertainty propagation problem 

into an optimization one:  first transform all of the 

non-normal random variables into independent, 

unit normal variables.  Then, find the point on the 

limit state surface with minimum distance to the 

origin.  

ÅThe point is called the Most Probable Point 

(MPP).  The minimum distance, b, is called the 

safety index or reliability index.

ÅX is often called the original space, U is the 

transformed space.
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MPP Search Methods

G(u)

Failure

region
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Uncertainty Transformations

ÅWant to go from correlated non-
normals to uncorrelated standard 
normals (u)

ÅSeveral methods

ïRosenblatt

ïRackwitz-Fiesler

ïChen-Lind

ïWu-Wirshing

ïNataf

ÅRosenblatt:  First transform a set of 
arbitrarily, correlated random 
variables X1éXn to uniform 
distributions, then transform to 
independent normals.

ÅNataf:  First transform to correlated 
normals (z), then to independent 
normals u.  L is the Cholesky factor 
of the correlation matrix
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MPP Search Methods

Reliability Index 

Approach (RIA)

ÅFind min dist to G level curve

ÅUsed for fwd map zĄ p/b

Performance Measure

Approach (PMA)

ÅFind min G at bradius

ÅUsed for inv map p/bĄ z
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Reliability Algorithm Variations:

First-Order Methods

AMV:

u-space AMV:

AMV+:

u-space AMV+:

FORM:  no linearization

Limit state linearizations

Integrations

1st-order:

Warm starting

When: AMV+ iteration increment, z/p/blevel increment, or design variable change

What: linearization point & assoc. responses (AMV+) and MPP search initial guess

MPP search algorithm

[HL-RF], Sequential Quadratic Prog . (SQP), Nonlinear Interior Point (NIP)
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2nd-order local limit state approximations

Åe.g., x-space AMV2+:

ÅHessians may be full/FD/Quasi

ÅQuasi-Newton Hessians may be BFGS or SR1

G(u)

Failure

region

2nd-order integrations

curvature correction

Synergistic features:

ÅHessian data needed for 

SORM integration can enable

more rapid MPP convergence

Å[QN] Hessian data accumulated during 

MPP search can enable more accurate 

probability estimates

Reliability Algorithm Variations:

Second-Order Methods
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G(u)

Failure

region

Multipoint limit state approximations

Åe.g., TPEA, TANA:

Reliability Algorithm Variations:

Second-Order Methods

Importance Sampling

ÅUse of importance sampling to calculate prob of failure: 

ÅAfter MPP is identified, sample around MPP to estimate Pf more accurately
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Reliability Algorithm Variations:

Sample Results

Analytic benchmark test problems: lognormal ratio, short column , cantilever

43 z levels 43 p levels
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Efficient Global Reliability 

Analysis (EGRA)

True fn

GP surrogate

Expected

Improvement

From Jones, Schonlau, Welch, 1998

ÅAddress known failure modes of local reliability methods:

ïNonsmooth: fail to converge to an MPP

ïMultimodal: only locate one of several MPPs

ïHighly nonlinear: low order limit state approxs. fail to accurately estimate probability at MPP

ÅBased on EGO (surrogate-based global opt.), which exploits special features of GPs

ïMean and variance predictions: formulate expected improvement (EGO) or expected feasibility (EGRA)

ïBalance explore and exploit in computing an optimum (EGO) or locating the limit state (EGRA)
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Efficient Global Reliability 

Analysis (EGRA)
ÅAddress known failure modes of local reliability methods:

ïNonsmooth: fail to converge to an MPP

ïMultimodal: only locate one of several MPPs

ïHighly nonlinear: low order limit state approxs. fail to accurately estimate probability at MPP

ÅBased on EGO (surrogate-based global opt.), which exploits special features of GPs

ïMean and variance predictions: formulate expected improvement (EGO) or expected feasibility (EGRA)

ïBalance explore and exploit in computing an optimum (EGO) or locating the limit state (EGRA)

10 samples 28 samples

explore

exploit
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Efficient Global Reliability 

Analysis (EGRA)
Mean Variance Expected Feasibility

�‡+

ÅAccuracy similar to exhaustive sampling at cost similar to local reliability assessment


