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Safety Factors

AMuch of the early work on engineering reliability comes from the civil
engineering field, concerned with reliability of structures

Aln this lecture, the notation of L = load, R = resistance, we want L < R

ANominal safety factor: SF =R, . /L.,m Where R, ... is usually a
conservative value (e.g. 2-3 standard deviations below the mean) and
L ominat IS @lSO @ conservative value (2-3 standard deviations above the
mean)

AProblem: the nominal safety factor may not convey the true margin of
safety in a design

L R

Margin, M
N ;.,/ I

System Response Required Performance
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A 4
% Safety Factors

AVarlety of approaches to improve a design

" Increase the distance between the relative positions of the
two curves: this reduces the probability of the overlapping
area, and the probability of failure decreases

Reduce the dispersion of the two curves
Improve the shapes of the two curves
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A
} Probability of Failure

= P(failure) = P(R<L)

D, :fj ﬁfR(r)drﬂf (hdl
= i3 F()f, (1)l
|l n practice, this I ntegration 1

always have an explicit form, except in some special
cases
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A
%‘ Probability of Failure

ASpecial Case: R~N(m,, s.), L~N(m,s,)
ADefineZ=R1i L
= P(failure) =P(Z <0)

_FEO (m- m)¢

g Jsits! g

%]
=y - Sm, - )

glsivsh

AThere are also modifications which treat multiple loads,
or lognormal distributions (Haldar and Mahadevan)
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A 4
%‘ Reliability Analysis

AAssume that the probability of failure is based on a specific
performance criterion which is a function of random variables,
denoted X.

AThe performance function is described by Z:
L= g(X11 X2’ X3 ! é(n’)

AThe failure surface or limit state is defined as Z = 0. Itis a
boundary between safe and unsafe regions in a parameter
space.

ANow we have a more general form of P, e

p; = P(failure) =P(Z <0)
P: =N Nix (%0 %,..,X,)dxdX,...dXx,

g(<0
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A
# Reliability Analysis

ANote that the failure integral has the joint probability density
function, f, for the random variables, and the integration is
performed over the failure region

P: =N Nfx (X X5ie.4.%, ) AXAX,....dX,
9(<0
Alf the variables are independent, we can replace this with the
product of the individual density functions

Aln general, this is a multi-dimensional integral and is difficult to
evaluate.

APeople use approximations. If the limit state is a linear function of
the inputs (or is approximated by one), first-order reliability methods
(FORM) are used.

Alf the nonlinear limit state is approximated by a second-order
representation, second-order reliability methods (SORM) are used.
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Mean Value Method (FOSM)

A Often called the First-Order Second-Moment (FOSM) method or the
Mean Value FOSM method

AThe FOSM method is based on a first-order Taylor series expansion of
the performance function

Alt is evaluated at the mean values of the random variables, and only
uses means and covariances of the random variables

AThe mean value method only requires one evaluation of the response
function at the mean values of the inputs, plus n derivative values if one
assumes the variables are independent A n+1 evaluations in the
simplest approach (CHEAP!)

m =9(m)
, SN0 o % @
s;=a acoui. i), (nz)dxj( )
" Adg, \O
si=8 —f(nz)BVar(x)
i:1(; -
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A
%‘ Mean Value Method (FOSM)

Alntroduce the idea of a safety index b (think of this as how far in

Anor mal spaceo that yaduey desi gn
p="8
S

p, =F[- b]=1- F[5]

AFOSM does not use distribution information when it is available

AWhen g(x) is nonlinear, significant error may be introduced by
neglecting higher order terms in the expansion

AThe safety index fails to be constant under different problem
formulations

Alt can be very efficient. When g(x) is linear and the input variables
are normal, the mean value method gives exact results!
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A
% Mean Value Method (FOSM)

Some extensions/notation

zY p,b D,bY z

p =2 2= 1M - S gD,

cdf J L
S g 2=m +5 By
z_

b =2 p, =F[- b]=1- F[4]
S

p = probability of failure
b= reliability index
= Sandia
. Z =response level @mﬂm
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# Most Probable Point Methods

ATransform the uncertainty propagation problem
Into an optimization one: first transform all of the
non-normal random variables into independent,
unit normal variables. Then, find the point on the
limit state surface with minimum distance to the
origin.

AThe point is called the Most Probable Point
(MPP). The minimum distance, b, is called the
safety index or reliability index.

AX is often called the original space, U is the
transformed space.
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} MPP Search Methods

Failure
region
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Uncertainty Transformations

AWant to go from correlated non-
normals to uncorrelated standard
normals (u)

ASeveral methods
I Rosenblatt
.
I Chen-Lind
:
I Nataf
ARosenblatt: First transform a set of
arbitrarily, correlated random
variables X;é X, to uniform
distributions, then transform to
iIndependent normals.

ANataf: First transform to correlated
normals (z), then to independent
normals u. L is the Cholesky factor
of the correlation matrix

Rackwitz-Fiesler

Wu-Wirshing

U, = Fxl(xl)
U,= I:x2|x1(X2 |X1)

U, = FXn|X1,X2,...(Xn |X1’X2’---Xn-1)

U =F(U,)
U, =F(U,)

u, =F(U,)

F(z)=F(x)

Z=Lu
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MPP Search Methods

Reliability Index

Approach (RIA)

minimize ulu

subject to G(u) =2

Aind min distto G level curve
AJsed for fwd map z A p/b
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Cumulative Probability

Performance Measure
Approach (PMA)

minimize +G(u)

subject to ulu = 3

Acind min G at bradius
AJsed forinv map p/bA z
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Limit state linearizations

AMV: g(x) = Q(“x) + vrg(»”x] (x — pix)
u-space AMV:  G(u) = F ) 4 VoG ()T (0 = py)

AMV+:  g(x) = ) + Vag(x*)" (x - x¥)
u-space AMV+: G(u) = ( )+ V.G(u) (u—u)

FORM: no linearization

Integrations

1st-order: {

pg<z) = &(—PBear)
P(Q > z} = (I)(_-ﬁf:frdf}

MPP search algorithm
[HL-RF], Sequential Quadratic Prog. (SQP), Nonlinear Interior Point (NIP)

Warm starting
When: AMV+ iteration increment, z/p/blevel increment, or design variable change
What: linearization point & assoc. responses (AMV+) and MPP search initial guess
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Second-Order Methods

2nd-order local limit state approximations
Ae.g., x-space AMV?2+:
g(x) = g(x") + Vag(x")" (

(x — x") ' V2g(x")(x — x¥)

B2 =

X —X )+

AHessians may be full/FD/Quasi Failure
region

A Quasi-Newton Hessians may be BFGS or SR1
u* - MPP

2nd-order integrations
n—1
1

p=&(-3) T ——
p=2o(= )E[l I+ on,
curvature correction

Synergistic features:

AHessian data needed for G(u)
SORM integration can enable
more rapid MPP convergence

A[QN] Hessian data accumulated during
MPP search can enable more accurate
probability estimates

FORM

Sandia
National
Laboratories



'
| ’ “?eliability Algorithm Variations:
Second-Order Methods

N
Multipoint limit state approximations ' Failure
Ae.g., TPEA, TANA: _ region
n 1—p; n S *
. : E*gr RLE . o 1 , . . u* - MPP
900) = g(x2) + 3 5-(xa) ——(af —afy) + (%) Y (2" — afy)’ ;
‘:Zlgil: | i=1 FORM
) l!""‘.'].,. i1 \ .
; = 1+In|—=—| /In |—
! = (KZJ] / L‘f.z >
E(K} - _T=1(Tf': — Tfiﬂz + ET:UITFE — -.1'?_5,‘-'2 \ .":Z SORM
n ag 7 l —P;
H = 2 [Q‘(Kl) —g(xg) — Z; E(Kq 1;0: (7 — 1'?'231 G(u) *

Importance Sampling
AJse of importance sampling to calculate prob of failure:
Anfter MPP is identified, sample around MPP to estimate P; more accurately
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Sample Results

’ “Reliability Algorithm Variations:

Analytic benchmark test problems: lognormal ratio,

Cumulative Probability
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RIA SQOP Function  NIP Funection CDF p Target 2 PMA SQP Function NIP Function CDF = Target p
Approach Evaluations Evaluations Error Norm  Offset Norm A pproach Evalnations Evaluations Error Norm  Offset Norm
MVFOSM 1 1 0.1548 0.0 MVFOSM 1 1 7.454 0.0
MWVSOSM 1 1 0.1127 0.0 MVSOSM 1 1 6,823 0.0
x-space AMV 45 45 0.009275 18.28 x-space AMV 45 45 0.9420 0.0
u-space AMV 45 45 0.006408 18.81 u-space AMV 45 45 0.5828 0.0
x-space AMV? 45 45 0.002063 2,482 x-space AMV? 45 45 2.730 0.0
u-space AMV?2 45 45 0.001410 2.031 u-space AMV? 45 45 2.828 0.0
x-space AMV+ 192 192 0.0 0.0 x-space AMV+ 171 179 0.0 0.0
u-space AMV 4+ 207 207 0.0 0.0 u-space AMV+ 205 205 0.0 0.0
x-space AMV?+ 25 131 0.0 0.0 x-space AMVZ4 135 142 0.0 0.0
u-space AMVZ4+ 2 130 0.0 0.0 u-space AMV24 132 139 0.0 0.0
x-space TANA 245 246 0.0 0.0 x-space TANA 203% 272 0.04259 1.598e-4
u-space TANA 206% 278* 5.082e-5 0,08014 u-space TANA 325% 311% 2.208 5.600e-4
FORM 626 176 0.0 0.0 FORM 720 192 0.0 0.0
SORM 669 219 0.0 0.0 SORM 535 191* 2.410 6.522e-4
19 m [Jaal::]mrim



' Efficient Global Reliability

Analysis (EGRA)

A Address known failure modes of local reliability methods:
I Nonsmooth: fail to converge to an MPP
I Multimodal: only locate one of several MPPs
I Highly nonlinear: low order limit state approxs. fail to accurately estimate probability at MPP
A Based on EGO (surrogate-based global opt.), which exploits special features of GPs
I Mean and variance predictions: formulate expected improvement (EGO) or expected feasibility (EGRA)
I Balance explore and exploit in computing an optimum (EGO) or locating the limit state (EGRA)

124
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Analysis (EGRA)

A Address known failure modes of local reliability methods:
I Nonsmooth: fail to converge to an MPP
I Multimodal: only locate one of several MPPs
I Highly nonlinear: low order limit state approxs. fail to accurately estimate probability at MPP
A Based on EGO (surrogate-based global opt.), which exploits special features of GPs
I Mean and variance predictions: formulate expected improvement (EGO) or expected feasibility (EGRA)
I Balance explore and exploit in computing an optimum (EGO) or locating the limit state (EGRA)

10 samples : 28 samples —
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' Efficient Global Reliability

Analysis (EGRA)

Mean Variance Expected Feasibility
‘bag_var.out’ —— ‘bag_eff .out’
85 7.5
80 — 7
75 —— 6.5
70 1]
& — 5.5
€0 5
55 4.5
El B N
8 & 7 3.5
[ 0w — 8 3
60 T ! BxE— 5 2.5
it ebsisefll] » ‘ 2
40 = 2:':?’:"0""."’:"."”"”‘,"1 /1 % — 3 '%"A“L
2 e 27117 15
2 G = 7 1
10 '.-.:1:.‘5'.'::.?3.“;7' V=

-1
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A\ccuracy similar to exhaustive sampling at cost similar to local reliability assessment




