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Rare event Simulation:
@ Goal: Compute a = P(A), where A is "rare”
e.g. buffer overflow

large financial loss
failure of distributed database

@ Method: oo = Epl(A)L
where P
L) - || @

Q is the "importance distribution”

@ Remark: The estimator is zero-variance if we choose
0* (1) =P(-A)

@ Problem: We often have only a very vague idea of what the
conditional distribution looks like
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@ e.g. P(Sl() > 20) =7

@ where Sio =27 +--- + Zyo; Z;'s iid
P(Z; € dz) = e %dz, so that EZ; = 1

@ Note that: - St
i | Sio] = 0~ 2
on {Sjo > 20}
@ Choose Q so that under Q,
Zi ~N(2,1)
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Figure: Sample mean of the IS estimator
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Poor performance!
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Perhaps if we compute confidence intervals, this will “diagnose” the
poor performance.
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Perhaps if we compute confidence intervals, this will “diagnose” the
poor performance.

Figure: Sample mean of the IS estimator with 95% confidence interval
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@ The sample variance can be misleading when the importance
distribution is poorly chosen

@ Another possible diagnostic:
effective sample size

estimated via
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@ Importance sampling is a “high-risk” variance reduction method, in
the sense that a poorly chosen importance distribution can lead to
disastrous increases in variance
[ unlike control variates, common random numbers, conditional
Monte Carlo, etc |

@ Building importance samplers that are provably good is hard

@ And diagnosing an importance sampler that is bad is also hard
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Conclusion

In practice:

@ Importance samplers will often be heuristically obtained, be
“suboptimal”, and will come without provable guarantees

@ The diagnostics may fail precisely when we need them the most

Question: What happens when one uses a sub-optimal importance
distribution?

4

Focus of the remainder of the talk
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To get some theoretical traction, we consider problems that can be
naturally embedded in an asymptotic setting:

e.g. Compute ao = P(S;o > 20)
with S1o = Z; + - - - + Z10, wWith the Z;s iid having EZ; = 1.

Embed in the asymptotic regime:
Compute o, = P(S, > an), (n = 10,a = 2)
with S, = Z, + ... + Z, (Z;’s iid) with n — oo,
where a > EZ;
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Large Deviations for Random Walk

Large deviations allows us to easily compute “rough asymptotics” for
QU

When the Z;’s are “light-tailed” (i.e. Eexp(6Z;) < oo for § in a
neighborhood of 0),

%IOgP(Sn > an) = —inf{l(x) : x € [a,00)}

where I(x) = sup{6x — A(f) : # € R} and A(#) = logEexp(6Z;).
I(-) is called the rate function.
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Furthermore,

k
P(Zy€dz,-- ,Zy €dz | Sy > an) = HQ*(Zi € dz)
i=1
where R
0*(Z: € dz) = exp (9*(a)z - ¢(9*)) P(Z; € dz)

and Q* is such that Ep-Z; = a.
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Large deviations for random walk: R?

S, =>"1_,Z € R?, Z; are iid with distribution p and mean 0.
As before, as n — oo,

P(Su/n € dx) = e 1,
and
P(Sy/n € A) ~ supe ' & =16,
xEA

3_

2 -
Dominating point x* ——
1 -
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@ If crude Monte Carlo is used, the required sample size needed to
compute «, to relative precision ¢ is of order

1 1 1
-~ = I(x*
€2 P(S, € nA) € exp(nl(x"))

@ If we use the distribution O* under which the Z;’s are iid with
Q*(Z; € dz) o< exp(0*2)P(Z; € dz)

where Q* is chosen so that Ep-Z; = “dominating point” for the rate
function I(x) over A, then the required sample size needed is of

order
1

5 explo(n)

i.e. sub-exponential (“asymptotically efficient”)
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Suboptimal Exponential Importance Distributions

@ Suppose 6 is not chosen optimally
@ We sample from Q:
Q(Z; € dz) = exp(0z — A(0))P(Z; € dz),i > 1
@ Importance sampling estimator involves generating m copies of
L,I(S, € nA)
where

L, = exp (—6S, + nA(0))

@ What does the distribution of this estimator look like?

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012 15/39



@ Let I?(-) be the rate function associated with Q

@ Then,

" =~ —ninf I°
Po(S, € nA) exp< n inf (x))

@ Let the sample size
m = exp(rn + o(n))

@ With sample size m, we will rarely see samples of S, outside rA,,
where
A= {xEA:IG(x) §r}

Basically, for any § > 0,

exponentially fast

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012 16/39



@ Cover A, with small balls: Each ball has exponentially many
samples within it; likelihood ratio is constant ( at exponential scale)
within each ball

@ Importance estimator is mixture of the contributions from the balls

@ The estimator inherits the behavior of the largest importance
ratios seen within A,

1 P .
~ log(é — inf [
, log(dy) = — inf I(x)

@ The algorithm is solving a “modified rare-event simulation
problem”
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As a function of r,
1 P .
—log(&)) — — inf I
—log (A7) % — inf 1(x)
uniformly on compact sets.

log(&y')

r*

There is a critical r* at which the estimator begins to estimate «,

correctly ( basically, when the algorithm “covers” the dominating point
forI(-) over A)
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@ Note that in logarithmic scale, importance sampling estimator
increases monotonically to the correct answer

@ On other hand, crude Monte Carlo gives an upper bound on the
probability P(A):

n samples until no realizations of A

!

probability is of order 1/n or smaller ( Bayesian posterior )

@ Potential basis for new stopping rules
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Theorem (Exponential c.o.m., £'th moment)
Let the sample size m, = exp(rn + o(n)). Then

1 1 i N1r(7)\k P 0
Jlog | - ;(Lgﬂﬂ,gf)) £ sup {k(ox —A®) —1 (x)}

where A, = {x:x € A, I°(x) < r}

If k = 2, this theorem describes the small sample behavior of the sample
variance.
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Small sample behavior: General IS distribution

Estimate P(S,/n € A)

L, = <ﬁp ’) Su/n € A)
i=1

q(Zi)
)) I(S,/n€A)

= exp (Z log <
Now L,I, depends on not just S, but the entire empirical distribution of Z;’s.

We need the large deviation theorem for the empirical distribution of Z’s.

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012 23/39



Sanov’s theorem

Sanov’s theorem: LDP for empirical distributions
Empirical distribution 8, = 1 > | 4.

T n

Example Suppose that we roll a die 100 times.

X 1 2 3 4 5 6
# appears | 17 22 10 14 21 16
B 0.17 | 0.22 | 0.10 | 0.14 | 0.21 | 0.16

B, = (0.17,0.22,0.11,0.14,0.21,0.16)

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012



Sanov’s theorem

As n — oo the empirical distribution 3, will get close to (1,4, %, 1.1 1),
the distribution (1) from which X sampled. i.e.,

P
Bn = 1

How fast do rare event probabilities converge to zero?

Peter W. Glynn (Stanford University)

Small Sample Behavior

February 13-14, 2012



Sanov’s theorem

the distribution (1) from which X sampled. i.e.,

P
Bn = 1

How fast do rare event probabilities converge to zero?

Theorem (Sanov’s theorem)

1
— inf H(v|p) < hm —logP (Bn €T) < — inf H(v|p)
vele vel

where H(v|u) £ [log idu ( Relative entropy, Kullback - Leibler divergence).

H(v|u) measures the distance between two measures v and p.
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Small sample behavior: General IS distribution

Estimate P(S,/n € A)

_ = (X))
o= (gqoﬁ)

exp [ﬂ /Rd log <%> ﬁn(dy)] 1(Su/n € A)

2 1™ 5y, (empirical distribution)

n

> I(S,/n €A)

where 3,
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@ Virtually all importance sampling (IS) theory to date has focused
on use of variance calculations

@ Of course, IS is consistent even when the variance is infinite
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An Instructive Example

Example (Glasserman and Wang, 1997)
S, =Z+--+7Z,;Z’siid
@ Compute P(S,/n < —aor S,/n > b) where a,b >0

@ If I(b) < I(—a), the optimal static importance distribution is same
as for computing P(S, /n > b)

@ The variance of this estimator can be infinite
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There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb ®
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There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb ®

Slo

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012 29/39



There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb ®

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012 29/39



There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb

Peter W. Glynn (Stanford University) Small Sample Behavior

February 13-14, 2012

29/39



There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)
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Sl//
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There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb °®
Sye
sl//
AY)
o 1 2 3 n
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There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb ®

Sie

Sl//
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There are a number of algorithmic fixes to deal with this ...

Dynamic IS for P(S,, > nb)

nb ®

Sie

Sl//

0 1 2 3 n

After each step, we adjust the IS distribution.
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@ Dynamic IS is used for better variance, but dynamic IS can be
hard to implement

@ Depending on the relative accuracy to be achieved, the static IS
estimator may be good enough
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Logarithmic relative accuracy: Random walk

Let o, = P(S,/n € A), and let &, be the IS estimator with sample size
my, (i.e., &, = min S LLI(Sh/n € A)) where m,, = exp(rn + o(n))

We define the logarithmic relative accuracy (LRA) associated with
sample size exp(rn)

LRA(r) £ lim —llog

n—oo n

o
— —1
Qp

If LRA(r) =~ 0, then
G, = o (1 n @(e—5"))
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Second main result: Exponential c.o.m.

Theorem (Exponential c.0.m.)

——log o 1‘ —>;é1£ {I(x)+§ (r I (x)) } ;ggl(x)
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Second main result: Exponential c.o.m.

Theorem (Exponential c.0.m.)

L inf {I(x) 4+ % (r —Ia(x))+} — inf I(x)

XEA

Corollary LRA(r) = %r for all » > 0 if and only if the estimator is
asymptotically efficient
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Logarithmic relative accuracy

P(S,/n < —aorS,/n>b),a=13b=1, exp c.o.m. with mean b.
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Logarithmic relative accuracy

P(S,/n < —aorS,/n>b),a=13b=1

2 1 2
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Logarithmic relative accuracy

P(S,/n < —aorS,/n>b),a=11b=1

o /
~ ’
" 7
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Second main result: General distribution

Theorem (General distribution)

1
—-1
n o8

%_1‘

2 1] % i L) + 5 (0~ HOlg)* | - inf HOlp

vel

whereT = {v: [yv(y) € A}.
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@ It is worth bearing in mind that in typical rare-event simulations,
one doesn’t care about getting many significant figures of
accuracy

@ The exponent of the rare-event probabilities is often enough

@ So, low relative accuracy is often sufficient

@ Perhaps presents new opportunities for algorithm design?

Peter W. Glynn (Stanford University) Small Sample Behavior February 13-14, 2012



Conclusion

We have analyzed the small-sample behavior of IS estimators,
provides insight into:

@ Behavior of “suboptimal” importance distributions
@ Possible error diagnosis for IS estimators

@ Low relative accuracy estimators vs. high relative accuracy
estimators
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Thank you
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