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Ergodic SDE
dy =" U(Y)dt+ 21!'1dw

equilibrium measure

(x)= Z' texp(l "U(X)) Z=  exp(! ! U(x))dx
-

ergodicity implies a.s.
CT

m giY (s) 1 g(x)p(dx)
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Overview

Criteria for a good numerical method

(1) ergodic
(1) Pnite-time accurate

Challenges

(a) high dimensional

(b) imited reqgularity in drift
(c)long-time Iintegrations
(d) multiple time-scales



Forward Euler

X = X! h" UK+ 20 (W (teer ) T W (1))

transition density

T 2
Clh(X,Y):(4!" | 1h)! n/ZeXp (| ‘yl X;' lhlhu(x)‘ )

nonglobally Lipschitz drift

forward Euler is stochastically unstable



Metropolis-adjusted Langevin Algorithm (MALA)

propose a move
X = X! h"UX )+ 207 H(W (ten) T W (1))

accept-reject with probabillity

_ Gh (Y. Xx)" (y)
aoy) =1 th(X,Y)" (X)
INn sum¢, ! U(0, 1)
X if 1 <" (X e X ar)

X —
ot X ¢ otherwise



MALA Is Ergodic

Thm (Roberts and Tweedie 1996). For any initial condition
and for all stepsizes, transition probability of MALA
converges to equilibrium measure,

lim | PY(x,8" plty =0




Cubic Oscilllator

Consider a particle diffusing id(x) = x*/4  with
Inverse temperaturé

¥Dynamics for this system
dy = ! Y3dt+ 20'1dw, Y(0)= x.

¥W (1) is one-dimensional Brownian motion

¥ Solution process ergodic with respect to

u(dx) = ' texp(! ! x*/ 4)dx.
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MALA Is Pathwise Accurate

Key structural assumption:

" UX)+#U(y),x" y$wK|x" y|*, &x,y" R".

one-sided Lipschitz condition on drift



MALA Is Pathwise Accurate

Thm (Bou-Rabee and E.Vanden-Eijnden 2009). For anyg
there exists aC(T) > 0 such that

= 1 7Y 2
sup  Ef A oagnu! Y (t)ﬁ
t [0,T]

" C(T)h¥*%

Piece of trajectory generated on any such interval approxime
pathwise the real trajectory starting from the same initial
condition on this interval.

2

"t UX)+#U(y),x" y$%K|x" y|°, &x,y"' R".
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Summary of MALA Iintegrator

(1) exactlysamples equilibrium measure of SDE
(1) solvesSDE on Pnite-time intervals

by (1) can generate
iInPnitely long trajectory

by (i) can compute dynamics
on Pnite time Intervals




Example: Autocorrelation

continuous
17
A(l) = TIim — g(Y (t+ ') g(Y (t))dt
3 0
numerical
h - 17
A(M)=Im = (X #et+1)m $)9IX syn ¢)dt
T! T 0

/

NB: limit diverges for explicit integrators



MALA Is Autocorrelation Accurate

Thm (Bou-Rabee & E.Vanden-Eijnden 2009). Fof any
there exists aC(T,g) > O such that

sup |[A(1)! AP(M)|" C(T,gh¥4
11 [0,T]

In principle, MALA can be used to estimate bPnite-time
dynamics along an inbPnitely long trajectory.



MALA Is not scalable!

Thm (Roberts and Rosenthal 1998). Consider MALA appliec
with the scaling:

hO(d! 1/ 3

The acceptance probabllity approaches a nontrivial value
strictly greater than one

lim E*{1n(x,X )} =11 (0,1

Hence, even if the stiffness of the SDE is bxed the stepsize r
to be inversely proportional to the dimension!



Partial Resampling Algorithm

GivenX o ancth update Is dePned as follows

apply forward Euler tog, = U|,  fori=0,..., m

I/m

X !(i+1)/m = Xiym ! h" G (X ym )+ 207 W (1)
accept-reject local proposed move with probability

X!(i+1)/m,i It e < " h(X iim ,X!(i+1)/m)

X . . =
(i+1) /m. X i/m i otherwise

sothat X 1! Y (h)



Partial Resampling Algorithm

Thm (Bou-Rabee & E.Vanden-Eijnden 2009). Assume the
energy Involves local interaction only. Then, the rejection
rate of the MALA integrator based on per-particle moves

does not depend on system size. Moreover the partial
resampling algorithm

(1) exactlysamples equilibrium measure of SDE;
(1) solvesSDE on Pnite-time intervals.

In sum, MALA integrator based on per particle moves Is

dynamically consistent, exactly samples equilibrium measure
Its rejection rate Is independent of system size.



MALA has no spectral gap!

Thm (Roberts and Tweedie 1996). If

|
iminf 90Ol 4
X |1" IX| h

then the MALA chain is not geometrically ergodic.

When MALA Is applied to equilibrium measures whose talls
lighter than Gaussian, MALA is not geometrically ergodic.



MALA has no spectral gap!

¥er = X! XS+ 20T LW (tar ) ! W (L)), X0 = X

¥transition density implies irreducibility )

"v1 x+ hx3"
4" 1h

¥however, chain is stochastically unstable

ch(x,y)=(4!" "*h) YZexp !

¥drift is destabilizing in
Br = {x:|1! hx?|> 1}.

¥wheneverx ! By forward euler drift centers
proposed moves at higher energy values



MALA has no spectral gap!

In practice, one is interested in the behavior of MALA on Pni
but long time horizons.

Such time horizons are what one would experience running
MALA on a computer.

What Is the nonasymptotic rate of convergence of MALA?



Nonasymptotic Rate of Convergence of MALA

Thm (Bou-Rabee, M. Hairer, & E.Vanden-Eijnden 2010).
LetP,, denote n-step transition probability of MALA

P(x,8=P,"" (x,8

to be the transition probability of MALA in physical time.
For everyg, > 0 , there exist real constants

Co(Eg) > 0,C1(Eg) > 0,C3> 0,8! (0,1)
such that the distance of MALA to equilibrium satisbes

Cs

IPN(x,4" Mty # Co(Eg)e 177 + Cy(Eo)bN




Nonasymptotic Rate of Convergence of MALA

Ca

IPN(x,4" Wty # Co(Eo)€ n7% + Cy(Eq)b

Error decomposes into a term exponentially small in the ster
and another term that converges geometrically fast.

Hence, given ahy 0 can bnd a step-size small enough ar
iterate enough times to make

PY(x, 9" plry # !



Extensions to Hypoelliptic SDEs

Dynamics of a mechanical system at constant temperature described by:

dQ/dt =M '1'P

dP = 1" U(Q)dt + d!
Langevin Dynamics _
d =!1Pdt+ 2''UMYedw
Stochastic Rescaling Algorithm
da =1 gdC 0% 2 _
#dC =1 "'Y(PTM IP) 1 #)! 1 dt+ ForsdW

Nose-Hoover-Langevin Dynamics

d=1CPdt .
udC =(P'M P 1 1" ! Ddt! #uCdt+ 2#"! lpdw




Lennard-Jones Fluid

Consider a system of} identical particles on a torus of dimen$iog: 3 n

- dQ/dt = P
dP = I" U(Q)dt+ d
Interatomic potentialenergy J - T* | R  given by
nt 1 1n
U(q) = ULy (7 (9)).
=1 j=1+1
and
Uy ()= (T rsre f(r)y=4(1/r 21 1r )

otherwise

Fix density and temperature to be nearby triple (gas-liquid-solid) point of Ruid

| =324," =0.8442#' *+ =0.78¢



Velocity Autocorrelation
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Velocity Autocorrelation

A(l)Y= PO +t)"P(1) ,

A standard strategy approximates velocity autocorrelation by an empirical average
computed Oon-the-RB3yO

1 "

h _ T
AT () = N PrastomPriaom:.
k=1

If numerical method (i) samples from equilibrium of SDE and (ii) approximates dynamic
on bnite time-intervals then,

Nlil,m AN (1) = Py s om sProm s) = A(Y)

We wish to quantify

A() L lim AN (1))



Lie-Trotter Splitting

Langevin Dynamics N
¥ Split SDE into HamiltonOs equations:

do/dt =M !'ip,
dP/dt = 1" U(Q),

¥and, Ornstein-Uhlenbeck equations in momentum

dQ =0, .
dP =11Pdt+ 2''11m Y2dw.

¥Apply aVerlet integrator to approximate solution of HamiltonOs equations and
use the exact [3ow for Ornstein-Uhlenbeck.



Lie-Trotter Splitting

Stochastic Rescaling Algorithm
¥Split SDE into HamiltonOs equations:

M P,
" U(Q),

- dQ/dt
dp /dt

¥and, thermostat part:

% dQ/dt =0

— |
” dP .g}OdC 2 . _
$dc =1 "'YPTM'IP)Y L 1 dty SR dW

YApply Stormer-Verlet iqtegratqr to approximate solution of HamiltonOs
equations and use the OexactO 3ow for thermostat part.



Lie-Trotter Splitting

Nose-Hoover-Langevin Dynamics
¥Split SDE into Nose-Hoover equations:

% dQ/dt =M'1IP,

.dP/dt =1" U(Q)! CP

$ P woll
udC/dt =(P'M'tP 1 1!

¥and, Ornstein-Uhlenbeck equations in bath:

% dQ/dt =0,

4 dP/dt =0, 0%
udC =l luCdt+ 2" ! 1lpudw

YApply symmetric, volume-preserving integrator to approximate solution of
Nose-Hoover equations and use the exact 3ow for Ornstein-Uhlenbeck.



Need for MALA

All of the Lie-Trotter splittings are stochastically unstable for molecular systems.
ergodicity of SDEs —! irreducibility of splittings
irreducibility of splittings —! stochastic instability of splittings
Hence, estimate (1) ! lim AMN (1) out of the questioanE'fjnceAh’N (ryr"

OConcept of rejecting exploding trajectoriesO nonviable in this context.



Hypoelliptic MALA

¥Compute proposal move

(Qi(+1 ’Pi(+1) = Ip!” h(Qk’Pk)
¥Accept with probability

' h((do:Po), (A1, P1)) =1 1 exp(" " ! E(dg,q1)),

¥in other words

(Qbst Phar) it e < " h((Qrs P i)y (Quas » P ies))

+1,Pk+1) = '
(Qi+1 1 P+1) (Qr,! Py) otherwise

The Metropolized integrator is stochastically stable, and the effect of rejections to
approximation of dynamics given by SDE can be quantibped



Pathwise Accuracy

Thm (Bou-Rabee and E.Vanden-Eijnden 2009).
ForallT > 0, there exist€C(T) > 0 such that
= # P72
sup  EX oy u! Y (t)ﬁ
t! [0,T]

" C(T)h.
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Velocity Autocorrelation Error

Quantify using relative error

' ” $, 74/ 2
NA ) )
N 1 ACK) D ARN (M)

( oy A("k)2)V2

NA =100, T =1.0N =10°



Velocity Autocorrelation Accuracy

Thm (Bou-Rabee and E.Vanden-Eijnden 2009).
ForallT > O, there exist€(T) > O such that

sup [A(M)! lim APN(@)" C(T)h
11 [0,T] N'#



%&' ()*+&,-../.

"HE%& & () H+ -, | [O1#+123#%481$0$1




Empirical Distribution of Lag Times

Figure shows an empirical distribution of time lags between successive rejections

Empirical Distribution of Lag Times, h=0.001
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The average time lag I — 26

Probability of OshortO time lags between successive rejections is low.
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