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Continuous Time Model

Brownian Motion

A continuous time continuous state stochastic process
W with the following properties:

1) Process starts at 0: Wy = 0.

i) Independent increments : Wy, — Wy, and W;, — W, are
iIndependent for 0 < t; < t9 <t3 < ty.

i) We,,, — Wy, has normal distribution with mean zero
and variance t;.1 — t;.

Parametric Stochastic Differential Equation (SDE)

dXy = U, t, Xy) dt + V(o t, X;) dW,0 <t < T

{ X} is called a diffusion process. U is called the drift
coefficient, V' is called the volatility coefficient. . and o
are unknown parameters in the model.
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1t0 Integral

Nonparametric diffusion:

dX; = CL(t,Xt) dt + b(t,Xt) dWy, t € [O,T]

Consider partition of [0, T’

T ={0=tg<ti <...<t, =T}

t. =kh, k=0,1,....n, h— 0 as n—
1t0 integral :

/ f(t, Xy th—hme i1, Xeo ) (Wi, — W,y

h—0
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Fisk Integral

McKean integral:

/ F(t, Xp)dW, = 11metz,Xt Y (W, —

h—0

Fisk integral:

T
]{ f(t, Xy)dWy = lim Sq
0 h—0

2

Sy, = Z f(ti—letq;—J + f(tivXti) (Wtz

Wtz’—l)‘

_ Wtz’—l)'
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It6, McKean and Fisk Unified
For 3 € [0, 1], define

n

SA,n = Z[ﬁf(ti_l?Xti—l> + (1 - 6)f(t’ta th)](Wtz — Wtz’—l)'

1=1

1 gives It0’s scheme
0 gives McKean'’s scheme

3 gives Fisk’s scheme.

o
o
o
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Stratonovich Integral

Stratonovich integral:

T
% f(t, Xt)th = |lim SQ)n
0 h—0

- tio1+t; X¢, , + Xy,
SQ,n ‘= Zf ( 1 , : t > (Wtz _ Wti—l)'

In analogy with ordinary numerical integration,
It0’s scheme is stochastic rectangular rule

Fisk’s scheme is stochastic trapezoidal rule
Stratonovich’s scheme is stochastic midpoint rule.
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Chain Rule and Change Rule

Chain Rule for Itd calculus:
1
df(Xt> — fa:(Xt)dXt -+ §fxx(Xt)dt
Chain Rule for Stratonovich Calculus:

) = Jz (Xt)dXt

d°f(X
Wz — W2 b
/ W, dW, = “

2 2

W2
j{ WidWy = 2 a

T
jé f(t, Xi)dX; :/0 f(t,Xt)dXtJr%/qu;(t,Xt)dt a.S.
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Rates of Convergence

Results

E

n T
Z f(t’i—lv Xti—l)(Wti _ Wti—l) _ /O f(ta Xt)th <
1=1




lllustration

Sl,n — SQ,n — 9 (Xt _ th’—l)
1=1
1 n
— 5 (Xt2 o Xt2_1)
1=1
1 2 2
= 5 (X7 — Xg)




Generalized Simpson’s Rule

Convex combination of 51, and Sz .
For 0 < a <1 define

SB,n = Z [& (f(tileti12) T f(tivXti)>
1=1

ti—1 +1t; Xy, + Xy,

+(1 —Oé)f( S 5 >] (Wi, = Wi ),

a =1 gives Sy, (Fisk)
a = 0 gives Sy, (Stratonovich)
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Stochastic Simpson’s Rule
a = 3 gives

n

S5,n = ézl [f(t’i—lv Xti—l) + 4f(

+f(ti7 th)] (Wtz _ Wti—l)

tic1+t; X¢_, + Xy
2 7 2

)

In analogy with ordinary numerical integration, it is the
Stochastic Simpson’s rule.
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Generalized Stochastic Integral

T
BT = ]g f(t,Xt)th

n ™m
= nlijgozz pj /(L= sj) tic1 + 85 ti,

i=1 j=1
(1 o Sj>Xt7;—1 + Sthq;) (Wtz — Wtz’—l)

pj, Jj€1{1,2,---,m} IS a probability mass function of a
discrete random variable Son 0 < sy <s9 < -+ < 5,, < 1
with

P(S: Sj) = Py, ] S {1727"' am}'
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Moments

Denote the k-th moment of the random variable S as
m
HEk = Zsfpja k — 1727”' .
j=1

The new integral and the I1t0 integral are connected as
follows:

T
Br = It + Ml/ fo(t, Xy)dt
0

where I = fOT f(t, X¢)dWy is the 1t0 integral.

When 1; = 0, the new integral is the It0 integral.
When p; = % the new integral is the Fisk-Stratonovich
Integral.
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Order of Approximation

The order of mean square approximation error (rate of
convergence) in the new integral is n=" where

1

. 1
V:zlnf{k ,Ltk#—, My = 1+]

=0,1,--- Jk—=1>.
1+k j ’ }

Given a positive integer m, how does one construct a

probability mass function p;, 7 €{1,2,--- ,m} on
0<s51<s89<---<8;,; <1so0 that

m
r .
Z SiPj =
=1

11,7‘6{0,---,771—2} (1)

sy # &)

J=1

Stochastic Ouadratures and Einancial Applications — p.



First Order Schemes

v = 1: Mass 1 at the point s = 0 gives Ito scheme for
which ;1 =0, u1 # %

v = 1: Mass 1 at the point s = 1 gives the McKean
scheme for which py =1, uy # 3.
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Second Order Schemes

v =2 : Masses 3, + at the respective points 0,1 produces
1

the Fisk scheme Sy, for which py = 3, s = 1.

v =2: Mass 1 at the point 3 produce the Stratonovich

scheme Sy, for which py = 3, 2 = 3.
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Third Order Schemes

v = 3: Masses %, 2 at the respective points 0, 2 produce
the asymmetric scheme

S3.p 1=
—1 i Xt T2y
4 Zz 1 [ ( 1— 17Xt7,—1> T Sf(tZ ;—275 ? 3 )} (Wtz _ Wti—l)

for which H1 = 1 , U2 = é, (3 = 2

v =3 : Masses j 1 atthe respectlve points 1, 1 produce
asymmetric scheme
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Fourth Order Schemes

v = 4: Masses 3, 2, ¢ at the respective points 0, 5, 1
produce the Simpson’s scheme S5 ,, for which
B =3, H2 =3, B3 =1, 4= 3.
v =4 : Masses + 3 g, 8, 3 L at the respective points 0, % % 1
produce the symmetric scheme
: . 2Xe, X,
S67n ‘= %Z?zl [f(ti—la Xti—l) T 3f(2tz_§+tza : é )

—1 i Xiyq 72Xy,
F3 (g, =) - f (t, X)) (Wey — Wi, y)

1

for which p; = 5, ps = %, [y = i, [la = 5.

Stochastic Ouadratures and Einancial Applications — n.



Fifth Order Scheme

1471 6925 1475 2725 5675 1721
v =51 Masses 241927 21192° 12096 120967 24192 24192 at the

respective points 0, 5 % 1 produce the asymmetric

scheme > 5
S7n 1=
s S TATLf (11, Xy, ) 4 6925 f (L=t 2 P
12050 (2=t 2XecH2Xu ) | g pStimrdt SNy +9X

. - 4X, 4X;.
+5675f(4tl_15+4t17 Z_l5+ Z) + 1721f(ti7 Xti) (Wtz _ Wti—l)

for which 11 = 3, us

|
Wl
=
W
|
=
=
N
|
=
=
|
Ot
)
=~
@)
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Sixth Order Scheme

_ . 7 16 2 16 7 - -
v =6: Masses 55, 12, 1=, 12, 55 at the respective points

0,14, s, 3,1 produce the symmetric scheme

it 3Xi  4X,
S = gy Sory [T (tim, Xu, ) + 32 (Hespthe, B T

tia+ti N T Xy ti1 43t Xe; T3Xy,
_|_12f( 12 | t12 t)_|_32f( 14 | t14 t>

+7f(ti, X)) (Wy, — Wy, _,)

for which

_ 1 _ 1 _ _ 1 1
M1 = 5,42 = 3, 43 = 73, M4 = 5, U5 = 5§, K6 = 73"

N
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Sixth Order Scheme

19 75 50 50 75 19 -
V=206 ": I\/Iasses 2551 255" 255" 258 298 208 at the respective

points 0, 4 o 5, 5, 5, 1 produce symmetric scheme

o AXe X

Som 1= ghe Siy [19F (i1, Xy, ) + 7o f(Hamptts Byt
3ti_142t; 3Xe¢;, | T2Xy, o 1+3t; 2X¢; | +3Xy,
+50 f (=%, £ ) + 50 f (==, T )

—1 i X q TAX,
+75 f (4= ;4t , . )+ 19f (L, Xy,)| (W, — W, )

for which
p1 =5, p2 = 5, 43 = o501

_ _ 1 _
s U4 = =, U5 = 67:“6 — 99500"

N |
QY=
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Option Pricing Models

Stock Price Model
Black-Scholes Model

dXt = ,LLXtdt + O'Xtth.

1 1s the long run mean, o is the volatility
Interest Rate Model
Vasicek Model

dX; = Oz(ﬁ — Xt)dt + odW;.

« IS the speed of mean reversion, o is the level of mean
reversion, o Is the volatility.
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Financial Statistics

Ornstein-Uhlenbeck Process (Special Case of Vasicek)
dX; = 0Xdt +dWi, t >0, X9 =0

Girsanov Likelihood based on data {X;,0 <t < T}

T (92 T
Lt :9/ X dX; — —/ XZ2dt
0 2 Jo

and its maximizer is the maximum likelihood estimator

i Xed X,
Jo X2t
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Likelihood Discretization

Discretize the likelihood L7. L, 7 Is obtained by an It0

approximation of the stochastic integral and rectangular
rule approximation of the ordinary integral in L.

n

LnaTal(é)) =0 Z th;_1 (th _ th;_1> _ ? Z ng_lAtz
1=1 i=1

Its maximizer is Approximate maximum likelihood
estimator
AMLE1 = arg max Lyp71(0)

n
Z th'—l (th — th’—l)

1=1
n
Z Xi_lﬁt@'

Qn,T,l —
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Transformed Likelihood

Transform the It0 integral to the Stratonovich integral in

Ly and then apply FS type approximation for the
Stratonovich integral and rectangular rule approximation

for the ordinary in Ly, then we obtain the approximate
likelihood L,, 5.

ﬁTf(t,Xt)dXt:/OTf(t,Xt)dXﬁ%/Ofx(@xt)dt
LT9<]§ Xtht—%/ dt) / X2t

Lua(6) = 5 (X3 ZXE At
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Higher Order AMLE

AMLE?2 = arg max Ly 12(0)

L hxE-T)
nd1,2 — ~q

> XP AL
1=1

Results

)

0,71 — 01 = Op(

:} %\ -

0p 172 — 07| = Op



Model Discretization

Euler Scheme

Xi, = Xy, +a(tio1, Xo,_ ) (ti—ti1)+b(ti—1, Xo, )\ /ti — ti1Z:

where Z;,: =1,2,--- ,m are I.I.d. standard normal
variables. The transition density of this scheme is
normal.
Milstein Scheme
th‘ — th’—l T a(t’i—lv th‘—l)(ti — ti—l)
+b(tio1, Xo,_ )/t — ti1 7
+2b(t’i—17 th‘—l)b$(ti—1v Xti—l)(Z?? _ 1)

The transition density is noncentral chisquare.
BE|Xy, — X1, *=0(3)  E|X;, — X;,|* = O(37)

n n2
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Conditional Least Squares

Uses Euler Scheme

n

Qn,T(‘g) — Z [th' _ Xti—l - 6Xti—1]2 :
1=1

On1T = arg m@in Qn.1(0)

n
Z th'—l(th' — th’—l)
=1

n
Z X1527;_1At73
1=1

Hn,T — Hn,T,l-

Qn,T
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Monte Carlo Pricing

In a risk neutral world, stock price S; at time ¢ follows the
following linear It0 stochastic differential equation, known
as the Black-Scholes model

dS; = rSidt + o SedWe, t >0

where {WW;} Is a standard Brownian motion, r is the
risk-free interest rate and o is the volatility. A simple
application of 1t0’s formula to log S; provides the exact
solution of the equation given

1
Sy = S expq (r — 502)75 + oWs}

where S is the initial price of the stock. S; is called
Geometric Brownian motion.
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Monte Carlo Simulation

The basic idea of simulating the paths of S goes back to
the fact that the increments of Brownian motion are
iIndependent and normally distributed with zero mean
and variance being the time difference.
Considerthetime grid 0 =ty < t; <tg < --- < ty.

Then the exact discretization is

1
Stiﬂ = St exp ([T — 502}(?57;4_1 — ti) + O\/tH_l — t¢Zi+1)

i=1,2,--- .n— 1, where Z; are independent standard
normal random variables.

The Euler approximation of the SDE Is

Stir = 1St (tig1 — ti) + oSt \/tit1 — tiZita
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Call Option

A call option is a financial contract between two parties,
the buyer and the seller of the option. The buyer of the
option has the right but not the obligation to buy an
agreed guantity of the financial instrument (stock) at a
certain time (expiration date) at a certain price (strike
price).The seller is obligated to sell the financial
iInstrument should the buyer so decide.

The buyer of a call option wants the price of the
underlying instrument to go up. The seller either expects
that it will not, or is willing to give up some of the upside
(profit) from a price rise from the return from a premium
and retaining the opportunity to make a a gain up to the
strike price.
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Black-Scholes Formula

Call option at time ¢ is the expected discounted (at the
risk free interest rate r pay-off

Cy = Ele ") max(Sp — K, 0)]

where K Is the strike price of the option and 7' is the
time of maturity of the option

Black and Scholes calculated this and is known as the
famous Black-Scholes option pricing formula

Cy = S5,®(dy) — " TVKD(dy)

where
log 2t + (1 £ 102)(T — 1)

’ o' —

® Is the normal distribution function.
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Thanks for your attention!
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