
C. A. Statistical Model Estimator Consistency EM EM + Modes \SAEM like"

Representation and Statistical Estimation of
Deformable Template Models for Shape

Recognition and Computational Anatomy

Stphanie Allassonnire

LAGA, Paris 13

CMLA, ENS Cachan

July, 10th 2007



C. A. Statistical Model Estimator Consistency EM EM + Modes \SAEM like"

Context : Computational Anatomy

* Describing shapes
* Shape matching
* Creating Atlases
* Discrimination/Classi�cation : how to measure

di�erences between shapes
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Calibration

Variational Approach Issue :

What to choose as the parameters ?

E(v) =
1
2

Z 1

0
kvt k2

V dt +
1

2� 2 jI1 � I0 � (� v
1)� 1j2

Several choices have to be done before the matching :

I0 : Ideal image = Noise free + dense (at least)

V or equivalently its kernelK : deformation cost
2 coupled choices !

� 2
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Calibration

Some solutions previously given :

Only for the template !

Using one of the data imagesyn
1 .
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Calibration

Some solutions previously given :

Only for the template !

Using one of the data imagesyn
1 .

Procrustes' mean :

(Î0; v̂1; : : : ; v̂n) = arg min
I0;v1;:::;vn

nX

i =1

1
2

Z 1

0
kvi ;t k2

V +
1

2� 2 jyi � � vi
1 � I0j2

A statistical interpretation : (Glasbey & Mardia)

yi (x + vi (x)) = I0(x) + � x ; � x � N (0; � 2); x 2 �

Problems :
I Needs interpolation
I Not a generative statistical model
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Calibration

Issues :

Describing databasesas some i.i.d. sample of some parametric
generative statistical model.

Model parameters = template + deformation law (+ noise)

Learning the parametersto avoid the previous problems :

An intrinsic templateI0,

A weighting term� 2,

A global geometric behaviour in the class.
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Statistical Model for Deformable Template

Generative Statistical Model :

! Small deformation framework :y i
j ;k = I0(rj ;k � vi (rj ;k )) + �" j ;k

Conditions chosen for the template and the deformation �elds :
Parametric Model of Splines: let (p)kp

1 and (g)kg
1 be two set of

control points :

I0(x) = Kp � (x) =
kpX

k=1

Kp(x; pk )� (k) ;

v� (x) = ( Kg � )(x) =
kgX

k=1

Kg(x; gk )� (k):
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Statistical Model for Deformable Template

What to learn ?

Photometry :
�

� : to code the template
� 2 : the noise variance

Geometry : � n
1 : to code each deformation

BUT : does not give the geometrical behaviour in the trainingset.
=) Introduce a prior on� :

� i � � (d� )

Parameters of� = parameters to learn.
Deformations (� i )1� i � n = random hidden variables
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The two Generative Model

Generative Model :

One component per class :
8
>>>><

>>>>:

(� g ; � p) � � g 
 � p with � p = ( �; � 2)

� n
1 � 
 n

i =1 N (0; � g ) j � g

yn
1 � 
 n

i =1 N (v� i I� ; � 2Id� ) j � n
1 ; � p

where� g (d� g ); � p(d� 2; d� ) are prior laws on the parameters.

Remark : big structures to learn even in the case of small size training
set
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The two Generative Model

Generative Model (2) :

General case : mixtures of deformable templates (� m components
per class)
Hidden random variables : (� i )1� i � n and the image labels
(� i )1� i � n.

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

� � � �

� = ( � �
g ; � �

p)1� � � � m � 
 � m
� =1 (� g 
 � p) j �

� n
1 � 
 n

i =1

� mP

� =1
� � � � j �

� n
1 � 
 n

i =1 N (0; � � i
g )j �; � n

1

yn
1 � 
 n

i =1 N (v� i I� � i
; � 2

� i
Id� ) j � n

1 ; �; � n
1
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MAP Estimator

How to learn the parameters ? the MAP Estimator :

Parameters� are estimated by maximum posterior likelihood :

�̂ = arg maxP(� jy)

where
� 2 � = f (�; � 2; � g )j� 2 Rkp ; � 2 > 0; � g 2 Sym+

2kg ;� (R) g:

Sym+
2kg ;� (R) is the set of positive de�nite symmetric matrices.

Let � � = f � � 2 � j EP (log q(yj� � )) = sup � 2 � EP (log q(yj� ))g
whereP denote the distribution governing the observations.
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Theoretical Consistency of the Estimator

Theorem (Existence of the MAP estimator)

For any sample yn1 , there exists�̂ n 2 � such that

q(�̂ njyn
1 ) = sup

� 2 �
q(� jyn

1 ) :

Theorem (Consistency)
Assume that� � is non empty. Then, for any compact set K� � ,

lim
n! + 1

P( � (�̂ n; � � ) � � ^ �̂ n 2 K ) = 0 ;

(� is any metric compatible with the usual topology on� ).

And adding some (not restrictive conditions) we can prove that the
estimated parameters doesn't escape to the boundaries.
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EM Algorithm

How to do in practice ?

Since� n
1 are unobserved variables, a natural approach to reach the

MAP estimator is theEM algorithm .

Iteration l of the algorithm :
E Step : Compute the posterior law on� i ; i = 1 ; : : : ; n.

M Step : Parameter update :

� l +1 = arg max
�

E [logq(�; � n
1 ; ; yn

1 )jyn
1 ; � l ] :

BUT : the E step is not tractable !
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EM Algorithm

Details of the maximisation step :

Geometry :

� g;l+1 = � g;l+1 =
1

n + ag
(n[�� t ]l + ag � g):

where

[�� t ]l =
1
n

nX

i =1

Z
�� t � l ;i (� )d�;

is the empirical covariance matrix with respect to the posterior
density function.
! Importance of the prior !
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Mode Approximation

E step : First solution proposed : Fast approximation with modes :

� �
i ;l (d� i ) = � � �

i
, � �

i maximise the conditional distribution on� .

� �
i = arg max

�
logq(� j� l ; � l ; � g;l ; yi ) =

arg min
�

�
1
2

� t (� g;l )� 1� +
1

2� 2
l

jyi � K �
p � l j2

�
;
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Mode Approximation

Advantages :

Computing� �
i is a standard template matching problem

with the current metric given by �g;l .

Reduce the EM algorithm to an iterative maximisation of the
joint densityq(yn

1 ; � n
1 ; � ) in � and � .

The same algorithm can be run for one or several components
per class.
Relation to PCA : A PCA analysis would consist is setting
ag = 0. The prior on the deformation covariance matrix avoids
several drawbacks :

I Lack of regularisation of the covariance estimates
I Degenerated iteration
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Experiments

Some results on the USpostal database :

Fig. : Training set : 20 images per class.
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Experiments

The Mode Approximation

Template estimation :

Fig. : Left : one component prototype. Right : 2 components prototypes
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Experiments

Some results on the USpostal database (2) :

The in
uence of the geometry :
Between 2 classes :

Between 2 components in the same class :
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Experiments

Some results on the USpostal database (3) :

Classi�cation rates with the mode approximation :

Nb. of components 1 2 3
20 per class 7.3647 (1.0412) 7.2400 (0.5078) 7.7790 (1.0213)
100 per class 9.3917 (0.5682) 5.6431 (0.9185) 5.4783 (0.5691)

Nb. of components 5 10
20 per class 8.0320 (1.5571) 13.7153 (5.6139)
100 per class 6.0217 (0.4180) 5.4357 (0.6961)

Tab. : Mean classi�cation results (and standard deviation) over 30
random databases. Lowest classi�cation rate : 3:5%
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Experiments

Drawback : In presence of noise :
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Fig. : Comparison between the iterative maximisation algorithm and the
full EM algorithm. left to right � = 0 :1,� = :5, � = 1. Red dashed line -
Template estimated with iterative maximisation. Blue dashed line -
template estimated with EM algorithm. Solid line - true template.



C. A. Statistical Model Estimator Consistency EM EM + Modes \SAEM like"

MCMC/SAEM for the one component model

Solution proposed : Stochastic version of the EM algorithm :

Idea :Couple SAEM with MCMC procedure(Delyon, Lavielle,
Moulines and Kuhn, Lavielle):

One component case :Iteration l ! l + 1 of the algorithm :

Simulation step :� l +1 � � � l (�
l ; �)

where � � l (�
l ; �) is a transition probability of a convergent

Markov Chain having the posterior distribution as stationary
distribution,

Stochastic approximation :
Ql +1 (� ) = Ql (� ) + � l [logq(y; � l +1 ; � ) � Ql (� )] where (� l ) is
a decreasing sequence of positive step-sizes.

Maximisation step :� l +1 = arg maxQl +1 (� )

[� ] � � l (�
l ; �) given by an hybrid Gibbs sampler
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MCMC/SAEM for the one component model

Stochastic version of the EM algorithm (2) :
Since our model is an Exponential Model,

q(y; � l +1 ; � ) = exp f�  (� ) + hS(y; � ); � (� )ig

the stochastic approximation can be done on the su�cient
statisticsS so that the algorithm is done via :

sl +1 = sl + � l

�
S(y; � l +1 ) � sl

�

Let L(s; � ) = �  (� ) + hs; � (� )i , l (� ) = log q(y; � ) and
�̂ (s) = arg max

s
L(s; � (s)) then

� k+1 = �̂ (sl +1 ) :
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Convergence Theorem

Theorem

Let w(s) = � l � �̂ (s) and h(s) =
R

(S(� ) � s)q(� jy; �̂ (s))d� for s 2 S.
Assume that :

there exist p� 2 and a2]0; 1[ such that � = (� k )k� 0 and
" = ( " k )k� 0 are non-increasing, positive sequences s.a. :
1P

k=0
� k = 1 , lim

k!1
" k = 0 and

1P

k=1
f � 2

k + � k "a
k + (� k " � 1

k )pg < 1 ;

L 0 , f s 2 S; hr w(s); h(s)i = 0 g is included in a level set of w.

Let (sk )k� 0 be the sequence de�ned by our algorithm with bounded
intitial conditions. Then, for all x0 2 K and s0 2 K 0, we have

lim
k!1

d(sk ; L 0) = 0 �P� 0;s0;0 -a.s.;

where�P� 0;s0;0 is the probability measure associated with the chain
Zk = ( � k ; sk ; � k ); k � 0 starting at (� 0; s0; 0).
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Multicomponent Model

Stochastic version of the EM algorithm for the multicomponent model :

Intuitive generalisation :

problem of \trapping states".

Image analysis interpretation : each iteration tries to deform
the data so it is closer to its current component and will not
tend to move toward another one
! high dimentional hidden variable�

Solution proposed :Consider an other simulation method based on
the Gibbs sampler for the deformation and on an other law for the
class of a given image.
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Multicomponent Model

The new algorithm :

Transition stepl ! l + 1 using a hybrid Gibbs sampler on (�; � ) :

for each� : Run Nl times the hybrid Gibbs Sampler on�
given� .

�̂ (l+1)
� = � Nl (� j� )

draw � (l+1) through the discrete law with weights :

pNl (� ) /

 
1
N

NlX

imc=1

"
f (�̂ �; (imc ) )

q(y; �̂ �; (imc ) ; � j�; � )

#! � 1

� (l+1) = �̂ � ( l +1) ;(Nl )
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Experiments

MCMC-SAEM :

Template estimation :

Fig. : Left : one component prototype. Right : 2 components prototypes
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Experiments

MCMC-SAEM :
The Geometric Distribution :

Fig. : Left : 20 examples of the training set. Right : 20 examples drawn
witht the prior geometric distribution.
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Experiments

MCMC-SAEM :

The Geometric Distribution :
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Experiments

MCMC-SAEM :

The Geometric Distribution :
Between 2 classes :

Between 2 components in the same class :
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Experiments

In presence of noise : SAEM-MCMC gives much better results :

Example of data :
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Experiments

Templates for one component per class

Fig. : Left : Mode approximation. Right : Stochastic EM algorithm
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Experiments

The Geometric Distribution :
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Multicomponent SAEM procedure

Convergence results for the multicomponent case :

Theorem
Let w and h as de�ned previously. Assume that :

the sequence� = (� k )k� 0 is non-increasing, positive and satisfy :
1P

k=0
� k = 1 and

1P

k=1
� 2

k < 1 ;

L 0 , f s 2 S; hr w(s); h(s)i = 0 g is included in a level set of w.

Let (sk )k� 0 be the sequence de�ned by :

�sk = sk� 1 + � k h(sk� 1) + � k ek + � k rk ;

if �sk 2 K � k� 1

�
sk = �sk ;
� k = � k� 1

if �sk =2 K � k� 1

�
sk = ~sk ;
� k = � k� 1 + 1 :

(1)
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Multicomponent SAEM procedure

Convergence theorem (2) :

Then, for all x0 2 K a compact set ofRN , � 0 2 f 1; : : : ; � mgn and
s0 2 K 0 a compact subset ofS, we have

lim
k!1

d(sk ; L 0) = 0 �Px0;� 0;s0 -a.s.;

where�Px0;� 0;s0 is the probability measure associated with the chain
Zk = ( xk ; � k ; sk ; � k ); k � 0 starting at (x0; � 0; s0; 0).
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Multicomponent SAEM procedure

Summary

Generative Statistical Model :

Coherent statistical framework for dense template model,

2 methods to face the problem of the E step,

It is of practical use and gives acceptable classi�cation rates.
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