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1. Calculus in in nite dimensions

1.1. The c“-topology

E a locally convex vector space.

Acurve ¢: R - E is smooth or C* if all deriva-
tives exist and are continuous.

C*°(R; E) the space of smooth functions. It

does not depend on the locally convex topol-

ogy of E, only on its associated bornology (sys-

tem of bounded sets).

The nal topologies with respect to the fol-

lowing sets of mappings into E coincide:

(1) C°(R;E).

(2) Lipschitz curves ( {C(t)t:g(s) : t 8 s} is bounded).
(3) {Eg - E : B bounded abs. convex in E},

(4) Mackey-convergent sequences Xn - X. ([
0 < n Loolwith np(Xn— X) bounded).




This topology is called the c°°-topology on E,
write c°’E. Beyond Fechet spaces it is ner
than the given locally convex topology, prod-

ucts are ner.

1.1. Convenient vector spaces

A Ics E is called a convenient vector space if
the following equivalent conditions is satis ed
(called c°?-completeness):

(1) Any Mackey-Cauchy-sequence converges.

(2) If B is bounded closed absolutely convex,
then Epg is Banach.

(3) Any Lipschitz curve in E is locally Riemann
Integrable.

(4) Forany c¢q1 CLA(R;E)thereis ¢ [AO”(R;E)
with c1 = ¢’



1.2. Lemma. E a locally convex space. Then
the following properties are equivalent:

(1E is c®?-complete.

(2) If f: R - E is scalarwise Lip K, then f is
Lip K, for k > 1.

(3) If f: R - E is scalarwise C® then T is
di Lerkntiable at O.

(4) If f: R - E is scalarwise C® then T is C*.

f: R - E is called Lip K-if all partial derivatives
up to order k exist and are locally Lipschitz.

T scalarwise C°° means that -f is C*° [don-
tinuous (eq. bounded) linear functionals on E.



1.3. Smooth mappings

E and F locally convex vector spaces. U c°-
open in E.

f: U - F is called smooth or C*, if fo

¢c CT°(R;F) for all ¢ CCT*(R;U); so fr
C°(R;U) - C°(R;F) makes sense. Let C*(U;F)
denote the space of all smooth mapping from

E to F.

For E and F nite dim. this gives the usual
notion of smooth mappings (proved in 1967)
Multilinear mappings are smooth i bounded.
So:. L(E;F) = the space of all bounded linear
mappings from E to F.



1.4. Structure on C*(E;F)

We equip the space C(R;E) with the topol-
ogy of uniform convergence on compact sets,

In all derivatives separately. Then we equip
the space C°(E;F) with the initial topology
with respect to all mappings cH Cc*(E;F) -
C®(R;F), ci¥):= foc, foral ¢ CA®(R;E).

1.5. Lemma . For locally convex spaces E
and F we have:

(1) If F is convenient, then also C*°(E;F) is
convenient, for any E. The space L(E;F) is a
closed linear subspace of C*°(E;F), so it also
IS convenient.

(2) If E is convenient, then a curve ¢c : R -
L(E;F) is smooth if and only if t & c(t)( x) is
a smooth curve in F for all x [EL



1.6. Theorem. The category of convenient
vector spaces and smooth mappings is carte-
sian closed. So we have a natural bijection

C®(E x F;G) +-€"(E;C*(F;G));

which is even a di Ledmorphism. The local ver-
sion is also true.

1.7. Corollary . The following canonical
mappings are smooth.

ev: C®(E;F) xE - F; ev(f;x)= f(x)
ins: E - C®(F;ExF); ins(xX)(y)=( X;Vy)
() HICc®(E;C™(F;G)) - C®(E xF;G)
() SIC®(ExF;G) - C®(E;C®(F;G))
comp: C®(F;G) xC®(E;F) - C(E;G)
C®( ; ):C®(F;FYxC®E5E) - C®(C®(E;F

C OB (B fehog

C™(Ej;Fi) - C™( Ej Fy)




1.8. Theorem. Let E and F be convenient
vector spaces. Then the diLerkntial operator

d: C*(E;F) - C*(E;L(E;F));
f(x+ tv) —f(X)
" .
exists and is linear and bounded (smooth). Also
the chain rule holds:

d(f °g)(x)v = dF(g(x)) dg(x)v:

df (x)v = Iitm

1.9. Remarks Note that the conclusion of
theorem 1.6 is the starting point of the clas-
sical calculus of variations, where a smooth
curve in a space of functions was assumed to
be just a smooth function in one variable more.

There are, however, smooth mappings which
are not continuous. This is unavoidable and



not so horrible as it might appear at rst sight.

For example the evaluation ExEY_ Ris jointly
continuous if and only if E is normable, but it
Is always smooth. Clearly smooth mappings
are continuous for the  c“-topology.



2. Riemannian metrics and covari-
ant derivatives

2.1. Riemann metrics

Let M be a smooth manifold, possibly in nite
dimensional. Riemann metric g on M Is a
symmetric  , tensor eld such that Ox : TxM x
TxM - R is a positive de nite inner product for

on a nite dimensional M then we have



2.2. Length and energy of a curve
Let ¢ : [a;b] — M be a smooth curve. The
length of the curve c is then given by

Ly _ L
L2(c) = ag(c%t);c%t)) 1=24t = . |c'{t) |g dt:

The energy of the curve c is given by

-
Ea(0):= 3 _g(ct);cn) dt:

The length is invariant under reparameteriza-
tions of the curve, but the energy is not.



2.3. Theorem. (First variational formula)
Riemann metric g on an open subset U [EL
Let :[a;b]x(—";") —» U be asmooth variation
of the curve c = ( ;0) : [a;b] - U. Let
r(t) = glo (65) = Tiro) (0:1) U be
the variational vector field along c.

Then we have:

&m(qﬁ‘%( 's))) =
= —e(c(O) D) () -
— dg(c()( D) c(t); r(O)+ -
+ 3dg(c(t)( r()( c{r);ci{t) dt
+ g(c()( c(b);r(h) —g(c(a)( c'fa);r(a)):



2.4. Christo el symbols and geodesics

On a Riemann manifold ( M, g) we have
@s|oER( ( ;s)) = O for all variations of ¢
with xed ends ( r(a) = r(b) = 0) in a chart
(U;u), I the integral in theorem 2.3 vanishes.

This is the case | iIn u(U) LEl

gc(t)( cHt); )= Zg€c(r)( ) cft);cr)
— 2g'lc(t)( ) clr); )
— 2g'€c(t)( clO)(  ;clr)
For x LulU) and X;Y;Z [H we consider the
polarized version of the last equation:

g(x)( x(X;Y);Z)= 2g'¢x)(Z)(X;Y)
— 29'x)( X)(Y; 2)
—29' (Y ) Z;X) (@)
which is a well de ned smooth mapping

u(U) - L&m(E;E):



Let ¢ : [a;b] — M be a smooth curve in the
Riemann manifold (  M;g). The curve c is called
a geodesic on M if in each chart ( U;u) for the
Christo el symbols of this chart we have

¢ty = p(ct);cy): 2)
By (1) we see that
g'()(Z)(X;Y) = g(x)(Z;Hx(X;Y)) =
= g(X)(Kx(Z;X);Y) = 1
c'= FHc(chcY — Ke(chcy (3)



2.5. Covariant derivatives Let ( M;g) be a
Riemann manifold. A  covariant derivative on
M is a mapping [LIX(M) x X(M) - X(M),
denoted by ( X;Y) B [M, which satis es the
following conditions:

(1) LM is C®(N)-linear in X [CA(M), ie.
Let + £,x,Y = Ta Dl + To LW

So for Xx [LIkM the mapping Ly 1: X(M) -
TxM makes sense.

(2) L is R-linear in Y LX(M).

(3) L df:Y)= df(X):Y+ F. N for T CO™(M),
the derivation property of [y .1

The covariant derivative [islcalled symmetric
or torsion free if moreover the following holds:

(4) A — X =[ X Y],

The covariant derivative [_iskalled compatible
with the Riemann metric if we have:

(5) X(9(Y;2)= 9( M Z)+ g(Y; CxA) for all
X;Y;Z LXKM).



Theorem. On each Riemann manifold (M;g)
there is an implicit formula for a unique torsion
free covariant derivative =1 [¥Which is com-
patible with the Riemann metric g, if it exists.
This unique covariant derivative is called Levi
Civita covariant derivative.

29( LM; Z2) = (6)
= X(g(Y;Z)+ Y (9(Z; X)) —Z(g(X;Y))
—g(X; [Y;ZD + a(Y;[Z XD+ 9(Z[X;Y])



2.6. Christo el symbols and connectors

The Christo el symbol in a chart ( U; u) belongs
to the second iterated tangent bundle. Its local
expression is

(%Y;2; x(¥;2)) CLW(U) =V <V xV)= T?(u(V))
and it transforms like that: For the chart change
u =u out:u (U nU) >u (U nU ) we
have

v Go(du )(ysd(u )(x)2)

= d(u )X x(y;iz)+ d*(u )()(y;2): (@)

We consider the connector K:T2M - TM
which is locally given by

K(x;y;a;b)=( x;b— x(a;y)) (2)



The connector K has the following properties:
B) Keviym=pro: TMxpTM - TM, for
the vertical lift vI 1ty (Xx;Yx) = Otlg(Xx + tYx).
(4) K: TTM - TM is linear for the ( rst) TM
vector bundle structure.

5) K: TTM - TM is linear for the (second)
T( n) vector bundle structure.



2.7. Covariant derivatives, revisited Us-
Ing its associated connector K:T2M - TM.
Namely, for any manifold N, a smooth map-
ping s: N - TM (a vector eld along f =
M °S) and a vector eld X [XKN) we dene

[xd= KoeTseX:N - TN - T2M - TM
(1)

which is again a vector eld along f.




If £: N - M is a xed smooth mapping, let us
denote by C22(N;TM) 1 M) the vector
space of all smooth mappings s: N - TM with
m ©S = T { vector elds along f. Then the
covariant derivative may be viewed as a bilinear

mapping
[X(N) xC{°(N; TM) - C22(N; TM): (2)

In particular for f = ldy, we have [ X(M) %
X(M) - X(M) as in 2.5.



Lemma. This covariant derivative has the
following properties:
(3) xdis C*(N)-linear in X [XN). So for
Xx LTKN we have ( Lx9)( x) = Lseedyy s
(4) Lxdis R-linear in s LC°(N; TM).
(5) Lx(h:s)= dh(X):s+ h: xsfor h CLd*(N),
derivation property of [l
(6) For a mf Q and smooth g : Q - N and
Zy [IyQ we have Lyglys = [zds-g). If
Z [ XQ) and X LXK N) are g-related, then we
have [z(3°9)=( [xs) -g.
(7) Inchartson N and M, for s(x) = ( f(X);s(x))
and X(x) = ( x;X(x)) we have ( Lxsh(x) =
(FO9;d8(x) X(X) = £ (5003 dF(x) X(x) -
(8) The connection is symmetric if and only if
[ — Ly A =[ X;Y]. Moreover, [{Tf:Y) —
Ly(rf:X)= TF[X;Y].



3. Curvature

3.2. Curvature Let ( M; ) bE an a ne mani-

fold. The curvature of the covariant derivative
[isl

R(X;Y)Z = IxIyad— Ly Ixd — LpddyZ
= ([ Dl I%I{])Z; for X;Y;Z LX(M):
R(X;Y)Z is C®°(M)-linear in each entry, thus
Risatensor eld R:TMXxpyTM - TM.




We collect all local nite dimensional formulas
here (where X =( x;X), etc.):

Loyl = — —)
ﬁ: 5 g0 — @igij; — 0j9i);
Rijk = —0i jux* @ ix
e ey
J;k 1;m Lk J;mse

R(X;Y)Z= —d( x)(X)(Y;Z)+ d( x)(Y) X;Z)+
+  x(X; x(Y;2Z)) — x(Y; x(X;Z))



3.3. Theorem. Let a torsionfree covari-
ant derivative on M, Then for the curvature R
we have, where X;Y;Z;U [LX{M).

R?X;Y)Z = —R(Y;X)Z (1)
R(X;Y)Z =0 (2)
Ii(:ylclic
(LB)(Y;Z2)=0 (3)

cyclic:X;Y;Z
If [L1slthe Levi Civita connection of a Riemann
metric g, then we have moreover:
g(R(X;Y)Z;U)= g(R(Z;U)X;Y) (4)
g(R(X;Y)Z;U)= —g(R(X;Y)U; 2Z) ©))

If X;Y are vector fieldson N andifs: N - TM
is a field along f= p°s: N - M then (6)

DAyS— Llixd— Codlyys = R(TFX;TFY)s




3.4. Theorem. Let (M;g) be a Riemann
manifold admitting connection with vanishing
curvature. Then M is locally isometric to R™
with the standard inner product of the same
signhature: For each x there exists a chart
(U;u) centered at x such thatglu = ult81 ; [



3.5. Sectional curvature Let ( M;g) be a
Riemann manifold admitting connection, let

Px [LTM be a 2-dimensional linear subspace
of TxM, and let Xx; Yx be an orthonormal basis
of Px. Then the number

K(Px) = —g(R(Xx; Yx) Xx; Yx) (1)

Is called the sectional curvature of Px. It is
independ of the choice of  Xx; Yx since:

(2) Let A =( Aji-) be a real (2 x 2)-matrix and
X1;Xp CIKM. Then for Xi= AlX;+ A?X; we
have g(R(X[ X5 X1 X5) =det( A)? g(R(Xy; X2) X1;
(3) Let XUY Ybe linearly independent in  Px [
TxM then

g(R(XHY ¥xHy§

k Px = — .
(P)= "Xy — g(xTY 32




5. Riemannian submersions
5.1. De nitions Let p: M - B be a sub-
mersion, i.e., Tp: TM - TB surjective. Then
V=V(p)= V(M) =ker( Tp)is called the ver-
tical subbundle of M.

If M is a Riemann manifold with metric g'V',
then the horizontal subbundle of M is:

Hor = Hor( p) = Hor( M) =Hor( M;g):= V(p)
If both ( M;gM) and ( B;gPB) are Riemann man-
ifolds, then we will call p a Riemannian sub-
mersion, if Txp : Hor( p)x — Tox) B

IS an isometric isomorphism for all X (M. As
a consequence (and this is an extra condition

In in nite dimensions) the horizontal bundle is

a complement to the vertical bundle and we
have a splitting X = XVer + xhor



Examples: If a Lie group G acts isometrically
on a Riemannian manifold M, if the orbit space
M=G is a manifold, and if the horizontal bundle

IS a complement of the vertical bundle, then
the orbit projection is a Riemannian submer-
sion. This is a subtle point in some shape
space situations.



5.2. De nition Let p: M - B be a Rieman-
nian submersion. A vector eld:
X X M) is called vertical, if X(x) [\Vk(p) for all x
(i.,e., if TpX(x)=0).
X [XKM)is called horizontal, if X(x) [Hbr x(p) for al
(i.,e.,, iIf X(x) [A(p)).
X [X(M) is called projectable, if there is an

[ XB), suchthat Tp:X = -°np.
X [XKM) is called basic, if it is horizontal and
projectable.
We have the horizontal lift:
C:TB 2 XM - TM : (Xp;e) B Ye; where Ye [Hbre
This map also gives us an isomorphism C :
X(B) — Xpasic(M) between the vector elds
on B and the basic vector elds.



Lemma.

For two basic vector fields C( );C( ) the Lie
bracket [C( );C( )] is projectable to [ ; ] thus
[C( );C( ) —C( ; D 1s vertical. Moreover,
C([B) = ( Egg)c:( ) Nor. So it su [ced to
assume that M admits a connection. Then B
does also.

5.3. Corollary. Consider a Riemannian sub-
mersion p: M - B, let M admit a connec-
tion, and let c:[0;1] - M be a geodesic in M
with the property c{tg) My, for some
to. Then c{t) M, for all t []0;1] and
peciIs ageodesic in B.




5.4. Corollary. Let p: M - B be a Rieman-
nian submersion. If Hor( M) is integrable then:
(1) Every leaf is totally geodesic in the sense
of 4.2.

(2) For each leaf L the restrictionp: L - B is
a local isometry.



5.5. Structure theory
Let p : (M;gM) - (B:;gB) be a Riemannian
submersion. In the decomposition

- ver hor
I_%P@ = %u xhor(Y + Y )

there are the two O'Neilll-tensor elds.

[ ]
T(X;Y):= Cavyver ™+ ayhor
L Lydr Lhd
AOGY) = gy o T g yver T

@r + hor

Lver

Each of the four terms making up Aand T is
a tensor eld by itself - the rst one restricting
to the second fundamental form S on My =

p_l(b). They are combined to two tensors in
just this way because of the results below.



Theorem. (O’Neill) For horizontal vectors
X;Y;Z;H [Hbr( p)x we have

0¥ (Rx(X;Y)Z; H) =

= Gps (Rpix (TxPX Txp:Y ) Txp:Z; TpH)
+2 g (ACX; Y); A(Z; H))
— " (A(Y; Z); A(X; H))
— g (A(Z; X); A(Y; HY))



5.6. Corollary. Let p: M - B be a Rieman-
nian submersion and consider horizontal vec-
tors X;Y;Z;H [Hor( p)x. Then the sectional
curvature expression becomes

0x" (RO Y)X;Y) =

= g5 (TxPX; Txp:Y ) Txp:X; TpY )
+3 [AK(X;Y) [l

= G (TxPX; Txp:Y ) Txp:X; TpY )
+ %[_](;Y]Verl_éﬂ,l

for basic horizontal extensions X:Y of X;Y.




6. Jacobhi elds

6.1. Jacobi elds Let ( M; ) _ble a manifold
with torsionfree covariant derivative [ with cur-
vature R. Let us consider a smooth mapping

(—"") x[0;1] - M suchthat t5 (s;t)is
a geodesic for each s [L(+";"); a 1l-parameter
variation through geodesics. Let @s =: HUand
@t =: _ Dbelow: We investigate the variation
vector eld @do (s; )= Ho: ).

We rst note that by 2.7.8 we have

Lo 1= 0r) = LT :@s)+ T :[@s; @
= [g 1 (1)



We have L[g 1= L[g (B¢ ) =0 since (s; )is

a geodesic for each s. Thus by 3.3 we get

0= Ls s

= R(T 0T :0)_+ Leclecd* Liacdsy-

= R( Y)_+ Lol 2)
Inserting s =0, along the geodesic c¢c= (0; )
we get the Jacobi diLerkntial equation for the
variation vector eld Y = @4 = Y0:; ):

0= R(Y;g)c+ [glgM (3)
This is a linear ODE of second order for vector

elds Y along the xed geodesic c:[0;1] -
M. For any tp L]0;1] and any initial values
(Y (to); ( LgM to)) LTt )M X Te(, )M there ex-
Ists a unique global solution Y of (3) along
c. These are called Jacobi fields along c; they
form a 2 m-dimensional vector space.




6.2. Corollary. On a Riemann manifold (M; g)
admitting a connection consider expyx : TxM -
M. Then for X LTkM the kernel of Tx(exp x) :
Tx(TxM) - Teyp, (x)M Is isomorphic to the lin-
ear space consisting of all Jacobi fields Y []
for c(t) = exp |x(tX) which satisfy Y(0) = 0
and Y(1)=0

)




6.3. Conjugate points Let c:[0;a] - M be
a geodesic on a Riemann manifold (  M;g) with

c(0) = x. A parameter tg [][0d;a] or its image

c(tg) LcqO0;a]) is called a conjugate point for
X = ¢(0) on c([0;a]) if the tangent mapping

TtoQ(O) (eXp X) . Ttoc_(o) (TxM) — TC(to) M

IS not injective. Then tg = 0. The multiplic-
ity of the conjugate point is the dimension of

the kernel of Tt,c(0) (exp x) which equals the di-
mension of the subspace of all Jacobi elds Y
along cwith Y(0)=0and Y (ty)=0, by 6.2.



6.4. The Hessian of the energy, alias sec-

ond variation formulas Let ( M;g) be a Rie-
mann manifold with connection. We consider
again the energy as a smooth function

E: C™((0 ;a];O;a)ggl\/l;x;y)) - R;
E()= } I(0i3dt

Let ¢c:[0;a] — M be a geodesic with ¢(0) =
x and c(a) = y. A variation of ¢ with xed

ends is a smooth F : (—";") x[0;a] - M with
FO;t) = c(t), F(s;0) = x, F(s;a) = y. The
variation vector eld for Fis X = 0OdpF(s; )

along c, with X(0) =0 and X(a) =0. Then
we get:

OsE(F(s; )= &  0s9(@F;0F) dt
- 0
= " o( [0 F) dt:

0




dZE(C)(X X)= @2|oE(F(s; )
= g(@é{ Lo X) + g(R(X;c)X;c) dt

0
If we polarize this we get the Hessian of the

energy at a geodesic ¢

L
dE(c)(X)= —  g(X; [gg) dt=0
|‘_6§L [ ] [ 1
CCE(Q(X;Y)= = g LglgX + ROXQGY dt
We see that among all vector elds X along

c with X(0) = 0 and X(a) = 0 those which
satisfy d?E(c)(X;Y) =0 for all Y are exactly
the Jacobi elds.



6.5. Theorem. Let (M;g) be a Riemann
manifold admitting a connection and let c :
[0;a] — M be a geodesic with ¢(0) = x and
c(a) = .

(1) I TtQ(O) (eXp X) : TtQ(O) (T)(M) — TC(t)M IS
an isomorphism for all t [J0;a], then for any
smooth curve e from x to y which is near
enough to c the length L(e) = L(c) with equal-
ity if and only if e is a reparameterization of c.
Moreover, d?E(c)( X;X) = 0 for each smooth
vector field X along ¢ which vanishes at the
ends.

(2) If there are conjugate points c(0) , c(t1)
along ¢ with 0 < t; < a, then there exists a
smooth vector field X along ¢ with X(0) =0
and X(a) = 0 such that d?E(c)( X;X) < 0.
Thus for any smooth variation F of ¢ with
OdoF(s; )= X the curve F(s; ) from x to
y is shorter than c for all 0 < |s| <™.




6.6. Theorem. Let (M;g) be a Riemann
manifold with connection, with sectional cur-
vature k = kg = 0. Then for any geodesic c in
M the distance between two conjugate points
along c is < A%.

6.7. Theorem. Let M be a connected com-
plete Riemann manifold with connection, with
sectional curvature k =<0. Then expx : TxM -
M is a covering mapping for each x [ M. If M
Is also simply connected then expy : TxM - M
Is a di Ledmorphism.



