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Basic Extremes

Extreme Value Distributions
Frechet: ®,(xz) = exp(—z7%), >0
Gumbel: A(x) = exp(—e™?), z € R
Weibull: W,(z) = exp(—(—z)%), x <0
F(u) =1 F(u) = P(X > u).
Regular Variation

A positive measurable function f on (0,c0) is regu-
larly varying at oo with index o if

im £82) _ o

=z, x> 0.
t—oo f(t)

Notation: f € R(«)

f is said to be slowly varying if a« = 0, rapidly varying
if the above IimitisO forx > 1 and co for 0 < x < 1.

F e L(vy),v> 0 if for every y € R,

F(xr —
im 2@ =9



Convolution Equivalent Distributions

Let X have d.f. F. FFe S(v),y>0if Fe L(y) and
jim (@)
r—o0 F(z)

where f(v) = EeX is the moment generating func-

tion of X at v. The class S := S(0) is the class of

subexponential distributions.

=2f(v)

Subexponential distributions are heavy tailed in the
sense that no exponential moments exist. § contains
all df.f.s F' with reqgularly varying tails and is a much
larger class. Distribution functions in S(v) for some
~v > 0 have exponential tails, hence are lighter tailed
than suexponential distributions.

Fisher-Tippett Theorem

For an iid sequence, the limit distribution of the max-
ima is one of the three extreme value distributions:
Frechet, Gumbel and Weibull.



Diffusion Extremes
Consider the Itd stochastic differential equation
dX; = ,LL(Xt)dt + O'(Xt)th, t>0, Xo==«x

W : standard Brownian motion
w € R: drift coefficient
o > 0: diffusion coefficient or volatility

Running maxima :

My = max X;, t>0
0<s<t

Scale function :

s(x) = /: exp (—2 /zy :2((t2)dt> dy, x € (I,r)

where z is any interior point in (I,7).

Speed measure : m has Lebesgue density

x e (l,r).

, . 2
m(@) = @)

and total mass |m| = m((,r)). s is the Lebesgue
density of s. X; is ergodic and its stationary distribu-
tion is absolutely continuous with Lebesgue density
m/(x)

[m|

h(xz) = .o e (l,r).



X; satisfies the usual conditions which guarantees
that X is ergodic with stationary density:

s(r) = —s(l) =

Im| < oo

Davis Theorem
Let (X:)i>o satisfy the usual conditions. Then for
any initial value Xg =y € (I,r) and any u; | r,

ymuwmﬂgug—F%Wﬂ:o.

where F' is a df defined for any z € (I,r) by

F(x) = exp (—#) , x € (z,7).

m|s(z)

Proof: Diffusion can be represented as an Ornstein-
Uhlenbeck process after a random time-change. Then
standard theory of extremes of Gaussian processes

apply.

Davis Corollary

T -1
F(az>~(|m| / s'<y>dy) ~ (mls@)L, @1



F is in the maximum domain of attraction of G :
F e MDA(G)
M — by
at
G € {Py, N}, a>0
d,, is Frechet distribution, A is Gumbel distribution.

—P G, t— 0.

Main T heorem

If u and o are differentiable in some left neighbor-
hood of r such that

im 4 @) _

eorde p(z)

o2(a) IO
im Zoye (-2 [ Lgyt) =

0

then

F(x) ~ (@) (), = 17



Interest Rate Extremes

Vasicek Model

dXt = (a—bXt)dt+O'th, Xo -, a c R,b > 0]

t

X = % + (x — %)e_bt + a/ e b= qwy,.

0

t — oo.

a a a
E(Xt) == g + (33 — g)e_bt — E’
o2 o2

Var(X:) = %(1 — e %) oTR t — oo.

X: has a normal stationary distribution N(b, -

Condition of the Main Theorem holds which gives

2
F(z) ~ &(ac — —>2H(CE) T — 00.

where H(z) is the tail of a stationary normal distri-
bution, hence F' has heavier tail than H.

F € MDA(A) with norming constants

o

Qp = ——
T avblogt

o a o loglogt + log(o?d/2m)
by = —+/logt + — +
TV b 4Vb logt




Cox-Ingersoll-Ross (CIR) Model

dXt = (CL — bXt)dt —|— oV Xtth

E(X) =5+ (@@= e =7t — oo
2
vix) =2 a- <1+<a:—9>2b> (=02 ST o
a 2b

X; has a Gamma stationary distribution (22,2

Condition of the Main Theorem holds which gives

F(z) ~ @G(az) ~ AzH(z), * — oo

where G(x) is the tail of a stationary gamma dis-
tribution M(22 + 1,22) hence F has heavier tail than
H.

F € MDA(A) with norming constants

2
b = ~(logt + “= log log t + log( ).
2b 02

(2a/02)



Chan-Karloyi-Logstaff-Sanders (CKLS) Model
dX; = (a — bXy)dt + o X dW;, ~ € [1/2,00)

%<7<1
E(Xt)=2+(x—g)e_bt—>g, t— o0, b>0
b b b
a
b
E(Xy)=zxz+4+at —> o0, t 500, b=0

e " = 00, t > 00, b<O

B(X) =7+ (o -

The lack of first moment indicates that for certain
parameter values the model can capture very large
fluctuations in the data, which will reflect also in the

maxima.

Stationary density is

2 2 b
h(z) = —z ?Texp | — ¢ @D 4+ — 2272 ).
Ac? o2 \2v—1 2 — 2y

for some constant A > 0.

Condition of the Main Theorem holds.

F(z) ~ bazh(z) ~ Be2A-VH(z), © — oo
F e MDA(A) with norming constants

2v—1

2 2(1 _ >,
a,t—a (0 ( 7) Iogt)

2b b



o2(1 — 27) = 2y — 1 log (@ log t)
by = log ¢ 1—
(2 —27)2 log ¢
2b
—I—CLt |Og (A—O-Q)
y=1

The model has an explicit solution
t
Xt = e_(b+§)t+"wt (:c + a/ e(b+§)SUWSdS)
0

The stationary density is inverse gamma:

2\ —5-1 -1
7 2 2 2
h(x) = 7 r 2b +1 x4 =2 exp 22t :
2a 02 02

r >0, h & R(-2b/o? —2) and the tail H of the

stationary distribution is regularly varying.
F(z) ~ Bz~ /"1 2 0.
F &€ MDA(®142/,2) With norming constants

ay ~ O/ (1F2b/0%)

bt:O



v>1

h has the same form as in the case £ < v < 1 and
HeR(—2v 4+ 1)

F(z) ~ (Az)™ 1, 2 — oo.
CKLS pointed out, most plausible value of v = 1.5
Condition of the Main Theorem holds.
F € MDA(®1) with norming constants
ar~t/A

bt:O



Stochastic Volatility Extremes
Levy-Ornstein-Uhlenbeck Volatility

Empirical volatility changes in time and exhibits tails
which are heavier than normal. Empirical volatil-
ity has upward jumps and clusters on high levels.
Levy driven Ornstein-Uhlenbeck models can capture
heavy tails and volatility jumps and have volatility
clusters if the driving Levy process has regularly vary-
ing tails.

Black-Scholes Model

dSt = ’I“Stdt —I— O'Stth

Heston Model
dS; = rSdt + /V;.S;dW,

dVi = Ma — V;)dt + o+/VidB;

ANa, 0 >0, da > %2

a IS the long run mean, A\ is the rate of mean rever-
sion. Volatililty is a CIR Process, W and B are two
independent Brownian motions for simplicity, they

could be correlated to include leverage.



GARCH Model
dS; = V' VidW,

dV; = Ma — V;)dt + oV,dB;

Volatility is a CKLS model with elasticity v = 1.
Barndorff-Neilsen-Shephard Model

dSt — (,u —I— ’I“St)dt —|— \/thWt —|— de)\t

dVi = —\Vidt + odLy,

t
V, = e—)\tvo_l_/ e—A(t—S)dLAS
0

IS @ cadlag process.

If Vo is independent of L and Vo = [ e *dL, then
the process is stationary. The stationary solution is
t
Vi = e M / eMdLys.
We are concerned with processes L which are heavy

or semi-heavy tailed, i.e., whose tails decrease no

faster than exponentially.



Define

M;, .= sup Vi
0<t<h

Theorem a) If L1 e SN MDA(®,), then

P(My>z)~(Oh+a H)P(L1 >2z), z— oo

b) If L1 € SN MDA(A), then

P(My > x) ~AhP(L1 >2x), x— o0o.

Running Maxima Theorem

a) If L1 e SNMDA(®,), then

—Q

P(a;%MT <z)=e*, >0
where ap is such that

lim TP(Ly1 > arx) =2 %, x> 0.

T—oo

b) If L1 e SN MDA(N), then

—X

P(ay;(Mr—byr) <z)=e ¢, z€R



Example: Positive Shot Noise Process
Let L be a positive compound Poisson process

N,
Lt - Z fj
j=1

where (N¢):>0 is a Poisson process on Ry with inten-
sity © > 0 and jump times (Iy)ren. The process N
is independent of the i.i.d. sequence of positive r.v.s
(&1)keny With d.f. F. The resulting volatility process

IS then the positive shot noise process
t
Vi =e MV + / e M=),
0

N

— e—)xtvo _|_ Ze—kt—l-rjé-j.

1=1
Running Maxima Theorem
a) Let V be a stationary version of the OU process

where L is a positive, compound Poisson process.
Assume L € S(v),v > 0. Then

—Z

Tlim P(a;%(MT —bw)<z)=e ¢, zeck

b) Assume that V is a I'(u,v)-OU process. Then

im Plays(Mr—byp) <z)=e°", z€R.
—00



Long Memory Extremes

A stationary process with correlation function p ex-
hibits long range dependence , if there exists a H &
(0,1/2) and [ is a slowly varying function such that

o(h) ~1(KW)h27  h— co.

Long range dependence implies that

o0
/ p(h)dh = oo.

Superposition of g)rnstein—UhIenbeck Processes
Barndorff-Neilsen and Shephard proposed supOU pro-
cesses as volatility models. Emprirical volatility has
long memory in the sense that the empirical auto cor-
relation function decreases slower than exponential.
The class of supOU processes can capture extremal
clusters and long range dependence.

supOU Processes

Vi = / e_T(t_S)I[O,OO)(t — s5)dA(r,Xs), t>0
Ry xR

where A > 0 and A is an infinitely divisible indepen-
dently scattered random measure (i.d.i.s.r.m.) which
are extensions of OU type processes of the form

t
V, = / G_A(t_s)dL)\S



where A > 0 and L is a Levy process. The time
change by X\ yields marginal distributions indepen-
dent of A\. To guarantee that the volatility process
V is positive, the Levy process L is chosen as a sub-
ordinator. The resulting price process has martingale
term dS; = /VidB;, where B is a Brownian motion

independent of L.

The generating quadruple (m, o2, v,m) determines
completely the distribution of A. The underlying

driving Levy process
Ly = /\(R-F X [O7t])

has generating triplet (m, o2, v). The underlying
driving Levy process

Ly =NANRy x [0,t]), t >0

Define the probability measure 7(dr) = M\/rm(dr)
and the idisrm A with generating quadruple
(m/X, 02/ X\, v\, T).

Thus 7 is a probability measure on R4 with \ =
fRJr rm(dr). The distribution m governs the long range
dependence of the model. Essentially the measure



m needs sufficient mass near 0. We write n(r) =
m((0,7]).
Then

00 rt
Xt=/ e”/ e*dN\(r, s).

Then X =V a.s.

dX; = {—rX (t,dr)dt + dA(t,7)}
R,

where
rt
X(t,B) :/e_rt/ e*dA(r, \s).
B —00

Example: Let m be gamma distribution with density
a(dr) =T (2H + 1) Y?He "dr
forr >0 and H > 0. Then A =2H and

o(h) = r(zH)1/ pPH-1e=r( g = (h4-1)"2" 1 > 0.
0

The following theorem shows how long range depen-

dence can be introduced in the supOU models.
Theorem

7(r) ~ (CH) UG Hr2?, -0
if and only if

p(h) ~T(2HI(R)R %, h —



T heorem

Define Mr := supo<;<7 V4

a) Let L1 € R_, with norming constants ar > 0 such
that

lim TP(Ly > arx) =2 %, x> 0.

T—oo

Then

—Q

lim P(a;%MT <z)=e*, z>0.
T—o0

b) Let L1 € S(v) N MDA(A) with norming constants
ar > 0 and by € R such that

lim TP(L1 > arxz+br) =e %, ze€lR.

T—o0

Then

,_Z!Im P(CL;%(MT . b)\T) < 33) — eEeerlEevvoe*z’ r cR.
— 0

Typical examples of d.f.s in SN MDA(A) are GIG,
NIG, GH, CGMY. All these distributions are self-
decomposable, which means that they are possible
stationary distributions of OU-type processes and

hence also supOU processes.
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