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ntER .
Cent INteger-valued AutoRegressive process (order 1)
Introduction Integer-valued analogue of AR(1) by AL-OSH & ALzAID (1987)
model |
copleaions 1. start with X g
unit root
Limit experiment 2 given X 01 1 Xt 1 draW
SUnmary Xt 1 Binomial(X¢ 1; );
and independently "+ G on Ng
3. dene Xt by
X = €<t + y
| {21} {Z}
survivors during (t ~ 1;t]  immigration during (t ~ 1;t]
Remark: branching process with immigration
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CentERQ INteger-valued AutoRegressive process (order  P)

Introduction INAR(P) process is a p-lags analogue as presented in DU & L1 (1991)
model |
applications Xt = 1 Xt 1 + 2 Xt 2 + + P Xt D + "t
estimation
unit root
Limit experiment n independent binomial thinnings
Summary .
u i Xt iJXt 1505 Binomial(Xt j; i)
Properties
n AR(pP) autoregression function (autocorrelation structure)
X
Ec [XtjXt 1;::0]= o+ i Xt |
n ARCH(P) conditional variance structure (compare ACD model)
X
- el = 2
var .g [thxt 1,...]— G+ |(1 i)Xt i
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CentERQ Applications

Introduction Some applications

model

cetmation n Medicine: epileptic seizure counts, FRANKE & SELIGMANN (1993)
unit root

Limit experiment n Economics: number of rms in Swedish pharmaceutical market,
Summary RUDHOLM (2001)

n Finance: number of transactions in stocks, BRANNAS &
SHAHIDUZZAMAN (2004)

n Insurance: car insurance, GOURIEROUX & JASIAK (2004)
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CentERQ Estimation Problem

Introduction EStimation pI‘Oblem

model

applications

estimati n autoregression parameter

unit root

Limit experiment n immigration distribution G (often assumed to be Poisson( ))

Summary

u parametric: unknown, G (almost) known

u semiparametric: and G unknown

n today's lecture we focus on unit root: 1
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CentERQ Estimation Problem

Introduction Autoregression parameter in stable case
model
applications n MLE: FRANKE & SELIGMANN (1993), Bu et al. (2007)

unit root

n OLS: Du & Li1(1991) and FREELAND & McCABE (2005)

Limit experiment

Sy n GMM: BRANNAS & HELLSTROM (2001)

n spectral based: SiLvA & OLIVEIRA (2005)

n (semiparametrically) ef cient. D ROST, VAN DEN AKKER & WERKER

n
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CentERQ Estimation Problem

Introduction

— n unlike AR models, no straightforward estimates of "t once is

applications estimated

unit root

n randomness due to thinning procedure

Limit experiment

Summary
— 1
Xe= 1 X1+
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CentERQ Nearly unstable INAR( 1), i.e., 1

Introduction Relevance

model

appleations n =1 might provide better proxy to distributions for 1
estimation

n semiparametric model with G unknown considered as well

Limit experiment

Summary

Elementary Properties

n AR(1) process with = 1 is random walk with drift

Ye= + Yy 1+t U= + Yy 1+ U

n INAR process X with =1 is also random walk with drift

Xt = Xt 1+ "= o+ Xt 1+(" G)

u note INAR(1) with unit root is increasing: Xt Xt 1
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CentERQ Literature

Introduction Autoregression parameter 1
model
applications ,
ectimation n ISPANY, PAP & VAN ZUIJLEN (2003)
Limit experiment n observations Xo;::1; Xp fromP _,
n
Summary
n h  Ounknown, G known
n estimate ,andh=n(l ) byOLS
n ifEg"3 < 1
G 1
3=2/ N d .2
n ( n n) I N(O, h) Under Pl h=n
P d
n(h, h) ! N(O; 2) under Py -,
n This localizing rate is not equal to convergence rate of experiments
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CentERQ Local to unity asymptotics

Introduction Available

Limit experiment

n observations Xo;:::; Xp fromP;

literature n 2

proof

applications n h  Ounknown, G known

Summary

n rate N2 becomes apparent later on

Yields sequence of experiments

E.(G)= zM::22"; P jh 0

] 1 n_2_
where P(ln)h:n2 denotes law of (X ;:::; Xp) under Py =n2
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CentERQ Theorem: Poisson Limit Experiment

Assume

n (23 < 1 ,supp(G) = Z+ and G eventually decreasing
n or supp(G) is bounded

Then (E,(G)) ,,»y converges to the Poisson experiment

hg(O .
E(G)= Z:+:2%; Qp = Poisson 9(2) © jh O
i.e., Z one draw from a Poisson(hog(0) =2) distribution

dP(n) 7

1 L g dQn (h ho)a(0) & h (n)
—n° | = exp —  ,underP'",

(n) dQ 2 h 1 3
dP> ", ho 0 n2

12z
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CentERQ Why limit experiments?

ireduction n determine asymptotic structure of experiments themselves

Limit experiment

p— n often the limit experiment is simpler than original experiment
proof

applications n limit experiment gives asymptotic “lower-bound to precision” for
Summary inference in sequence E, (G)

U Le Cam-Van der Vaart Asymptotic Representation Theorem
L ThjP1 h=nz ! Lpforallh  Othen there exists
randomized estimator T = t(Z; U) in limit experiment s.t.

L(T jQnp)= Lnforallh O.

n see applications to estimate local to unity parameter h or itself
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CentERQ Intuition to identify proper rate N 2

Introduction GeomEtriC(.S): g(k) — 2 (k+1)
8 o
literature dPg-n) h 2 O |f n—n2 I O,
proof n P hg(O) G e I . .
applications dP—(n)n I S eXp 2 If n_n2 l 11 under Pl-
Summary 1 . 1 |f %‘2‘ l 1 ,

Implications

nrp=n?tl PV P

n rp,=n®! O P(ln)h:rn and P(ln) become orthogonal

n N2 indeed proper localizing rate

n no contiguity
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CentERQ Related literature

Introduction ISPANY, PAP & VAN ZUIJLEN (2003)
Limit experiment
limit experiment n observations Xo;:::; X fromP -1 =y
proof . . .
applications n estimate nandh = n(l p) by OLS yields lower than optimal
Summary rate of convergence
3=2/N d .2
2% ) 1Y N(O; ?) under Py e
P— d
n(h, h) ! N(O; 2) under Py p=n
n observations Xq;:::; Xp fromP -1 -2
N\
n2 n n ' ﬂ. y under Pl h=n?2
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CentERQ Related literature (2)

Introduction Remark
Limit experiment For nearly unstable Gaussian AR(1) model with 6 O
limit experiment
. 3=2
oroof n localizing rate n
applications
Summary n limit experiment: one draw from N(h; ( ))
For nearly unstable Gaussian AR(1) model with = 0 known
n localizing rate n
n limit experiment Locally Asymptotically Brownian Functional (LABF)
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CentERQ Some remarks on proof

Introduction Usua”y
Limit experiment
limit experiment n use differentiability arguments to make quadratic expansion of
literature . . . . .
log-likelihood ratio and use contiguity
applications
Summary n rst-order term (the score) is a martingale

But here

E]_ @|ngxt 1: Xt . Xt 1 60

=) score is not a martingale under P1 and no contiguity
=) we manipulate LR directly

n rather long/tedious proof

n mainidea: split LRinup( X¢ 0)anddown( X; < 0)terms
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CentERQ Some remarks on proof (2)

Introduction Bne of important steps is to determine limit behavior of
Limit experiment t 1f Xt < Og
limit experiment
literature
applications .
Poisson law of small numbers
Summary
X X
If X < Og If X¢ = 1;"+ =0g
t t
d 9(0) cho
™ Poisson , under P1 ho
2 nZ
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CentERQ Some remarks on proof (3)

Introduction |n the end we nd
Limit experiment

limit experiment dP(n) 5
literature Iog 1 h=n
4p™
applications 1 hO:nZ
Summary

X
(h__1)9() +log n 1f X< Og
2 ho ,
19 1og 920 (2 under P, 1
! 0g thO( ) under Py 1, =2
h
where Z  Qp, = Poisson Og(g) °

Which yields the result

Heuristic intgpretation
the statistic 1If X < Ogis ‘asymptotically suf cient’
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CentERQ Some remarks on proof (4)

Introduction It is easy to show that the sequences of experiments

Limit experiment

limit experiment
0 —

h .
literature — Bln n, ﬁ J h O and L = Bln n, l

applications

Summary both converge to the experiment

EjhO
n

E= Z.:2% ;(Poisson(h)jh 0)

n you might be tempted to “derive' E,(G) ' E (G) fromE} I E
n however, the nearly non-autocorrelated INAR

zn+l. oz Pgi ih 0

n

converges to the usual normal location experiment
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CentERQ Application 1: Ef cient estimation of ~ h and

Introduction Optimality in Poisson limit experiment?
Limit experiment Lehmann-Scheffé: if T(Z; U) is unbiased randomized estimator of h
limit experiment
literature th en
proof 2h
S Varh T (Z, U) W
ummary
G
Lower-bound on asymptotic variance
If T, estimator of h such that
| d
n Th ! Lpunder Py pzn2
n EL h — h
2h
Then var L e
h g0) 6
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Ef cient estimation of hand (2)

Introduction PROOF: By the Asymptotic Representation Theorem there exists
Limit experiment T(Z, U) such that

limit experiment

literature

proof L(Lh) — L(T(21 U) J Qh)

Summary
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Ef cient estimation of hand (3)

P
: : 2 . 1f X
Ef cient estimator G known: T, = tg(o) G‘<Og

Is asymptotically unbiased estimator attaining variance-bound

Introduction

Limit experiment

limit experiment
literature
proof

P
RecaLL:  (1f X < Ogis approximately asymptotic suf cient

Summary
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Ef cient estimation of hand (3)

P
: : 2 . 1f X
Ef cient estimator G known: T, = tg(o) Gt<0g

Is asymptotically unbiased estimator attaining variance-bound

Introduction

Limit experiment

limit experiment
literature
proof

P
RecaLL:  (1f X < Ogis approximately asymptotic suf cient

Summary

P
, : : — 2 1 Xi<0g
Ef cient estimator G unknown: T, = B(0) ba

Is asymptotically unbiased estimator attaining variance-bound

n construct consistent estimators of g(0) and ¢
n show limit distribution of T, is unaffected

U adaptive estimation
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Introduction

Limit experiment

limit experiment
literature
proof

applications

Summary

Application 2: Dickey-Fuller test

Ho : h =0 versus Hy : h > 0inthe model E,(G)

n Dickey-Fuller test: reject Hg if and only if

bn 1 1 .
TR 0

where

u bn is the OLS estimatorof , =1 h=n?

u S.E.(bn) is the standard standard error of the OLS estimator
n classical DF has no power: if E"3 < 1

n | N(O; 1) under Py j,=n2 forallh 0O
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Ef cient alternative to Dickey-Fuller

Introduction UMP test for Hp : h = 0 versus Hy : h > 0in Poisson limit experiment

Limit experiment

limit experiment n reject Hgif Z 1 and with probability ifZ =0

literature

proof

Summary

Use asymptotic representation theorem for tests to nd ef ¢ ient test

P
n fsject Hoif 1f X{< 0g 1and with probability if
t If X < Og =0

u ef cient test is independent of G

U test also ef cient in semiparametric model
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Conclusions

niroduction n Ef cient estimators are derived both in parametric and in

Limit iment i '
imit experimen semiparametric INAR models

n Immigration distribution can be estimated ef ciently as we Il

U empirical example shows traditional assumption of Poisson
Immigrations is not valid

n Efciency gain w.rt. over classical estimators like OLS is
substantial

U ef ciency gain increases for larger values of
U even in Poisson case OLS inef cient

U empirical example suggests even stronger gains
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Conclusions (2)

Introduction

n Limit behavior of nearly unstable INAR(1) process

Limit experiment

Summary n Proper localizing rate is n? instead of n
n Nearly unstable INAR(1) model yields Poisson limit experiment

n Adaptive estimator for semiparametric nearly unstable INAR(1)
model

n Standard Dickey-Fuller test for unit root has no power

n The intuitively obvious test is ef cient
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