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P areto T ails

Let X 1; X 2; : : : ; X n be positive i.i.d. r.v., each with d.f. F .

W e are interested in X [n ¡ k ] ; X [n ¡ k +1] ; : : : ; X [n ] with X [i ]

denoting the i th order statistic.

W e supp ose that fo r su±ciently large quantiles x,

1 ¡ F (x) = x¡ µ l (x)

where l (x) is a so-called slowly varying function at in¯nit y.
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P areto T ails : : :

W e wish to

² estimate the Pareto index µ > 0 (o r 1=µ), and

² determine k, the numb er of observations in the
upp er-tail to be included in the estimation.
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P areto T ails : : :

For a ¯xed threshold, the classical estimato r of µ is the
MLE

bµ =

"
1

k

kX

i =1

log X [n ¡ i +1] ¡ log X [n ¡ k ]

#¡ 1

:

The latter is derived in Hill (1975, Ann. Stat. ).

It is kno wn as the Hill estimato r.
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P areto Mo del as a Regression Mo del

Consider P (X =x0 < xjX > x0) fo r high thresholds x0.

It is kno wn to converge to 1 ¡ x ¡ µ fo r all x > 1 leading to
the Pareto (1896) mo del

Fµ(x) = 1 ¡
µ

x

x0

¶ ¡ µ

fo r x ¸ x0 (1)

where

F ¡ 1
µ (q) = x0 (1 ¡ q)¡ 1=µ :

Rearranging ( 1) one gets

log
µ

x

x0

¶
= ¡

1

µ
log (1 ¡ Fµ(x)) fo r x > x0 (2)
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Regression Mo del : : :

Let

Q(F ; q) = inf f x jF (x) ¸ qg

and X ¤
[i ] , i = 1; : : : ; k, be the ordered largest k observations,

so that

X ¤
[i ] = Q(F( n ) ; i=(k + 1)) ;

with F( n ) the empirical distribution of X ¤
[i ] . The empirical

counterpa rt of ( 2) is the Pareto quantile plot

log
µ

Q(F( n ) ; i=(k + 1))

x0

¶
= ¡

1

µ
log

µ
k + 1 ¡ i

k + 1

¶
; i = 1; : : : ; k:
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Ronchetti & Staudte (1994, JASA )

Let Y1; : : : ; Yn be indep. obs. from F , ¾2
i = var(Yi ).

Given a mo del, let Ŷ1; : : : ; Ŷn be the predicted values.

One can de¯ne a prediction erro r criterion as

¡ =
1

n

nX

i =1

E

2

4

Ã
Ŷi ¡ E[Yi ]

¾i

! 2
3

5

but Ronchetti and Staudte de¯ne a weighted version

¡ R =
1

n

nX

i =1

E

2

4ŵ2
i

Ã
Ŷi ¡ E[Yi ]

¾i

! 2
3

5

where ŵi is the ¯tted weight of the i th observation,
0 · ŵi · 1, under a robust ¯t of the mo del to yield Ŷi .
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Ronchetti & Staudte adapted : : :

W e seek an unbiased estimato r of ¡ R and cho ose CR =

1

n

nX

i =1

ŵ2
i

Ã
Yi ¡ Ŷi

¾i

! 2

+
2

n

nX

i =1

1

¾2
i

cov
h
ŵi Yi ; ŵi Ŷi

i
¡

1

n

nX

i =1

1

¾2
i

var [ŵi Yi ]

with suitable estimato rs fo r ¾2
i , cov

h
ŵi Yi ; ŵi Ŷi

i
, and

var [ŵi Yi ].
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Prop osition 1

Setting µ equal to the MLE µ̂ and ŵ i = 1 8i , we have the follo wing result.

Let

Yi = log

Ã
X ¤

[ i ]

x 0

!

= log
µ

Q(F( n ) ; i= (k + 1))

x 0

¶
; Ŷi = ¡

1

µ̂
log

µ
k + 1 ¡ i

k + 1

¶

where µ̂ is the Hill estimato r

µ̂ =

"
1

k

kX

i =1

log X ¤
[ i ] ¡ log x 0

#¡ 1

;

an estimato r of ¡ R is (up to O(1=k )) given by C (x 0 ) equal to

µ̂ 2

k

kX

i =1

"
1

k 2
+

1

( k ¡ 1) 2
+ : : : +

1

( k + 1 ¡ i ) 2

#¡ 1
2

4log

0

@
X ¤

[ i ]

x 0

1

A +
1

µ̂
log

Ã
k + 1 ¡ i

k + 1

! 3

5
2

+
2

k 2

kX

i =1

"
1

k 2
+

1

( k ¡ 1) 2
+ : : : +

1

( k + 1 ¡ i ) 2

#¡ 1
log

Ã
k + 1 ¡ i

k + 1

! 2
¡ 1 :
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Prop osition 2

² replace µ by a robust estimato r (which dep ends on the
data and on x0)

² replace ŵ by the weights used in the robust estimation

! obtain an estimated robust prediction erro r CR (x0).

RC-criterion : Cho ose x0 so as to minimize CR (x0).

While cho osing x0, we simultaneously ¯nd
k =

P n
i =1 ¶(X [i ] ¸ x0) and bµ in a robust fashion.
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Details

Success lies in the details...

² a go od robust estimato r fo r µ;

² an intelligent weighting scheme.
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A Robust Estimato r fo r µ

Dupuis & Mo rgenthaler (2002, CJS ).

It's an M -estimato r, de¯ned as the solution µ̂ in µ of

kX

i =1

Ã(X ¤
[i ] ; µ) = 0

W eighted MLE (WMLE) has Ã(x; µ) = w(x; µ) @
@µ

log f (x; µ)
where w(x; µ) 2 [0; 1] is a weight function.

Dep ending on the mo del and the choice of the weight
function, the resulting WMLE can be biased.
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Dupuis & Mo rgenthaler prop ose a bias-co rrected WMLE

eµ = bµ ¡ B ( bµ)

where B (µ̂) equals

¡

R ¡
w(x; µ) @

@µ
log f (x; µ)

¢̄̄
µ̂

dFµ̂(x)
R³

@
@µ

w(x; µ) @
@µ

log f (x; µ) + w(x; µ) @2

@µ2 log f (x; µ)
´ ¯

¯
¯
µ̂

dFµ̂(x)
:

The ¯nal weight attributed to each data point x is
calculated using the bias-co rrected WMLE eµ ) w(x; eµ).

Di®erent weight functions w(x; µ) give di®erent robust
estimato rs.
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W eighting Schemes

Metho d 1: Field & Smith (1994, Int. Stat. Rev. )

w(x; µ) =

8
>><

>>:

Fµ(x)=p1; if Fµ(x) < p1;

1; if p1 < Fµ(x) < 1 ¡ p2;

f 1 ¡ Fµ(x)g=p2; if Fµ(x) > 1 ¡ p2;

where Fµ(x) is our Pareto distribution and p1 and p2 are
robustness constants.

) Gradual downw eighting

) With the relatively simple fo rm of the Pareto, we get an
analytical expression fo r the bias correction term.
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W eighting Schemes : : :

Metho d 2: Our idea

Recall that if the Pareto mo del is valid, plotting log
³

X ¤
[i ]

´

versus ¡ log [(k + 1 ¡ i )=(k + 1)], i = 1; : : : ; k yields a straight
line.

The complex dep endence structure of the dep endent
variables do es not allo w us to estimate µ by a regression,
but we can use the standa rdized residual r i = (Yi ¡ Ŷi )=¾i .
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Our Metho d : : :

T o establish the weight, we use a Hub er-st yle app roach

w(X ¤
[i ] ; µ) =

8
<

:
1; if jr i j < c;

c=jr i j; if jr i j > c;

where c is the robustness constant.

Points lying far from the Pareto regression line, having
tak en into account the non-constant variance, are not well
¯tted by the Pareto mo del and are downw eighted.
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RMSE of µ̂¡ 1 with a Burr distribution ( µ = 1)

n

½ 500 1000 1500

¡ 0 : 5 C -criterion 0.295 0.269 0.247

R C -criterion 0.312 0.287 0.268

Beirlant, Vynckier, T eugels (1996, JASA ) 0.334 0.238 0.220

Beirlant, Dierckx, Guillou, St a̧ric a̧ (2002, Extremes ) 0.305 n/a n/a

Danielsson, de Haan, Peng, de Vries (2001, J. Mult. Ana. ) 0.382 n/a n/a

Drees & Kaufmann (1998. Sto ch. Pro c. & App. ) 0.352 n/a n/a

Guillou & Hall (2001, J.R.S.S. B ) 0.381 n/a n/a

¡ 1 : 0 C -criterion 0.151 0.121 0.104

R C -criterion 0.161 0.128 0.109

Beirlant, Vynckier, T eugels (1996, JASA ) 0.264 0.148 0.132

¡ 1 : 5 C -criterion 0.107 0.082 0.071

R C -criterion 0.113 0.084 0.072

Beirlant, Vynckier, T eugels (1996, JASA ) 0.150 0.100 0.085
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T riangula r/P areto Mixture

0 1 2 3 4 5 6

1
2

3
4

5

-log(1-F(X))

log
(X
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Example

W e consider a series of log-returns in 100% on alternative
investments on a monthly basis between Janua ry 1997 and
Decemb er 2002 (i.e. n = 72 observations).

See Credit Suisse First Boston (CSFB) / T remont hedge
fund index at www.hedgeindex.com

Data do not show signi¯cant auto correlations.

W e actually tak e 100 minus the log-return fo r the
evaluation of the downside risk.
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Pareto Regression: Hedge Fund
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