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Quantifying risk

0 Two standard models:

— Preference-based: utility theory [von Neumann/Morgenstern,
etc.]

— Set-based: math. finance literature [Artzner et al. (1999)]

Both subjective notions of risk
Both depend on tolerance parameters

Challenge: how to we understand/assess these parameters?

—  Why not use financial goals ( “aspiration levels” or “targets”)
directly?
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Aspiration levels

0 Descriptive perspective:

— Simon (1955, 1959)

~ Lanzilloti (1958)

— Mao (1970)

— Payne et al. (1980, 1980)

0 Normative perspective:

— Castagnoli and LiCalzi (1996)
_ Bordley and LiCalzi (2000)
— Tsetlin and Winkler (2007)
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Why not just use probability measure?

0 A number of difficulties:

— Too sensitive with respect to target choice
— Too insensitive to tail changes
— Cannot optimize over it

—  Does not favor diversification

O All of these occur because probability measure is inconsistent with
convex preferences

0 Corroboration from the descriptive perspective:
— Payne et al. (1980)

— Diecidue and van de Ven (2005)
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An overview

[]

Axiomatically define a class of measures evaluating performance with
respect to targets (satisficing measures)

Impose “diversification-favoring” properties on the measures
Show that these measures are duals of risk measures

Describe some important examples

O O O 0O

Consider using these measures in the portfolio choice problem
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An overview

[]

Axiomatically define a class of measures evaluating performance with
respect to targets (satisficing measures)

Impose “diversification-favoring” properties on the measures
Show that these measures are duals of risk measures

Describe some important examples

O O O 0O

Consider using these measures in the portfolio choice problem

O Overall goal: = create a set of target-based tools for risk
management
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Setup

The state of the world is governed by a probability space (€2, F,P)

V is a set of random variables on the state of the world (a set of
positions)

[0 Let 7 be a given target and, for V € V, defined the target premium
tobe X =V — 7; let X be the set of all such X

— 7 may be constant (a monetary “goal”)
— 7 may also be a random variable (a “benchmark™)
A position X € X achieves the target if and only if X (w) >0

Notation: For X, Y € X, X > Y means X (w) > Y (w) for all
w € ) (e.g., X > 0 means always beat target).
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Axioms for satisficing measures

Definition. A function p: X — [0, p|, where p € {1, 0}, is a satisficing
measure defined on the target premium if it satisfies the following
axioms:

1. Attainment content: If X > 0, then p(X) = p.

2. Non-attainment apathy: If X <0, then p(X) = 0.
3. Monotonicity: If X >Y, then p(X) > p(Y).
4

Gain continuity: liﬂr)l p(X +a) = p(X).

0 Example: p(X) =P{X > 0} (there are many others!)

0 What if every position always over/under performs the target?
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Convex preferences

0 Any satisficing measure p induces a preference relation > such that
X =Y if and only if p(X) > p(Y)

0 > is convex if
Y=X, Z>X=XY+(1-XNZ=XV)Ie|0,1]

Usually this is considered a good thing; we prefer “bundled positions”

Observation: = is convex if and only if p is quasi-concave, i.e.,
p(AX + (1 = A)Y) = min{p(X), p(Y)}

0 Probability measure fails this: let X be a position with
P{X >0} =1/2 and let Y = —X — ¢. Consider the position
Z =1/2(X+Y)=—¢/2. Forall e > 0:

- P{Y>0}'>0
- P{Z>0}=0
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Quasi-concave and coherent satisficing measures

Definition. A function p: X — [0, p|, where p € {1,000}, is a
quasi-concave satisficing measure (QSM) defined on the target premium
iIf, in addition to the above, it satisfies the following:

1. Quasi-concavity: If A € [0, 1], then
p(AX + (1 = A)Y) = min{p(X), p(Y)}.

If, in addition, p satisfies
2. Scale invariance: If k > 0, then p(kX) = p(X),

we say p is a coherent satisficing measure (CSM).

0 CSMs are “convexifications” of probability measures

O CSM C QSM C Satisficing measures
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Some examples

1 Sharpe ratio: pg(X) = sup {a . Va/(1—a) <E[X] /U(X)}

ac|0,1)
— X = constants + unbounded R.V.s = pg a CSM

- ps(X) <P{X >0}
0 Maximized risk aversion:

p(X)=sup{a>0 : —2In(E[exp(—aX)]) >0} is a QSM

—  Maximum aversion level such that we still “break even” under
exponential utility

— Can generalize to any family of concave/nondec. utilities

0 Family of coherent risk measures: p(X) = sup {k : up(X) <0},
ke(0,1]

{ux} nondecreasing, is a CSM
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Value-at-risk and probability measures

00 The value-at-risk at level o of a position is
VaR, (X) 2 inf{tcR : P{t+X >0}>1—a}
— Interpretation: smallest capital requirement to make probability

of augmented position high enough
[0 Probability measure in turn can be written as

P{X >0} =sup{l —a : VaR, (X) < 0}.
[0 Probability measure and VaR are duals:

— VaR: fix tolerance level («) and find smallest target subject to
probability no smaller than 1 — «

— Prob.: fix target and find smallest tolerance level (a) subject to
VaR, (X) no larger than target
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A representation theorem for satisficing measures

Definition. A function p: X — R is a risk measure if it satisfies:
1.  Monotonicity: If X >V, then u(X) < u(Y).
2. Translation invariance: If ¢ € R, then u(X +¢) = u(X) —c.

0 Interpretation: capital requirements to make position acceptable
Theorem. A function p : X — [0, p|, where p € {1, ¢}, is a satisficing

measure if and only if there exists a family of risk measures
{ur, = k € (0,p]}, nondecreasing in k, and 1y = —oo such that

p(X) = sup{k € [0,p] : p(X) <0}
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Q(k1) C Q(ky) for all kv, ke € (0, p], ko > ki, such that
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An ambiguity representation of CSMs

Corollary. A satisficing measure p is coherent if and only if there exists
a family of sets of probability measures {Q(k) : k € (0, p|} satisfying
Q(k1) C Q(ky) for all kv, ke € (0, p], ko > ki, such that

p(X) = sup{k € (0,p] : Eq|X] =20V Qe Q(k)}.

O Interpretation: all CSMs are finding a maximum level of ambiguity
such that at this level we still achieve the target in expectation

0 Another way: “convexifying” probability measure < robust expected
value

0 Connects to Simon (1955): probabilities not known exactly!
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CVaR measure

0 Important coherent risk measure: conditional value-at-risk
[Rockafellar and Uryasev (2001)]

O Definition (for continuous distributions):
CVaR, (X) = —-E[X | X < —VaR, (X)]

CVaR = “Expected value of losses conditioned on a bad event”

The CVaR measure is the CSM
pcvar (X) = sup{l —a : CVaR,(X) <0}
P{X >0} = sup{l—a : VaR,(X) <0}

0 Theorem: For all positions X € X, pcvar (X) < P{X >0} and
pcvar (X)) is the best such lower bound among all distribution
invariant CSMs.
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l11. Portfolio choice with satisficing
measures
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Tangent portfolios

1 Problem of interest:

max. p(aX + (1 —a)ry —ry)
st. ElaX+(1—a)rf =7 (¥
XeX, a>0.
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Tangent portfolios

1 Problem of interest:

max. p(aX + (1 —a)ry —ry)
st. ElaX+(1—a)rf =7 (¥
XeX, a>0.

0 Theorem: Suppose E [X| > r; for all X € X. Let p(-) be a CSM
and suppose the objective of Problem (%) is strictly positive for a
given v > r¢. Then the corresponding optimal, risky asset position
X* Is also optimal to the problem.

max.  p(X —ry)
st. Xedk.
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Numerical example

Monthly return data over 1986-2006

36 asset classes (domestic/international, equity, debt, real estate
indices)

O Solve the problem:
max.  p(7'w)
st.  E[F])w>~

ew=1

0 Compare: p = Sharpe ratio and p = pcvar
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Numerical results #1
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Numerical results #2
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Numerical results #2

0 Return characteristics, in sample:
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Reflections and future directions

Create a new set of risk management tools that are target-based

Can obtain “convex envelopes” of probability measures; have
favorable theoretical /practical properties

This approach is a dual approach to risk

Connects to a wide range of models (utility theory, Sharpe ratio,
value-at-risk /conditional value-at-risk, math. finance)

0  Future questions:

— Choosing the target; calibrating expectations and exploration
phases

— Multiple targets
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