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Let A € C be a spectral parameter, and consider the eigenvalue

problem ; »
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posed for (u,v)” € L*(R). Here ¢ is a positive parameter, and ¢ : R —
C is a function with rapid decay as * — +oo. By simple manipu-
lations we may write this problem in the form L(u,v)? = A(u,v)7,
where L is a nonselfadjoint operator known as the Dirac opera-
tor or the Zakharov-Shabat operator. As was shown by Zakharov
and Shabat (2), the spectral analysis of this operator is very impor-
tant in the study of the Cauchy problem for the focusing nonlinear
Schrédinger equation with initial data (x).

The continuous spectrum of the problem consists of the real line
A € R, and while the discrete spectrum is not generally constrained
in any such way (due to nonselfadjointness) the eigenvalues must
come in complex-conjugate pairs in the complex plane.

The paper of Zakharov and Shabat (2) contained the erroneous
statement that if the potential ¢ (z) is a real-valued function then
the discrete spectrum is confined to the imaginary axis of the com-
plex A-plane. It took 30 years to get the correct version of this
statement: recently Klaus and Shaw (1) proved that if the potential
Y (z) is real-valued and has a single maximum, then the discrete
spectrum is purely imaginary. Moreover, there is an explicit con-
stant C' > 0 such that the number of eigenvalues on the imaginary



axis in the upper half-plane is the integer part of C||¢||; /¢, and these
eigenvalues are confined to the imaginary interval [0, it)max].

An interesting problem is then the following. Suppose ¥(x) is
a random potential of Klaus-Shaw type (part of the problem is
to correctly formulate the meaning of this hypothesis). Then for
N =1,23,...,sete=C|v|:/N, and we know from (1) that the eigen-
values in the upper half-plane have the form A = isg, k =1,..., N,
where r;, are random positive real numbers whose joint distribution
is inherited from the distribution of the random “matrix elements”
¢ (x). This problem could be treated at first by simulation; of inter-
est are the usual statistics of random matrix theory: the limiting
empirical distribution of eigenvalues as N — oo, level spacing dis-
tribution, etc. Answers to questions of this type would be useful in
the study of solutions of the focusing nonlinear Schrédinger equa-
tion with “noisy” initial data.

Also well-known (2) are the “inverse-scattering” formulae that
allow the reconstruction of the potential ¢(z) given (i) the discrete
eigenvalues, (ii) certain “proportionality constants” associated with
the discrete eigenvalues, and (iii) the “reflection coefficient” for the
problem associated with the continuous spectrum. The reflection
coefficient can be identically zero, and there is a sense in which
the reflection coefficient is asymptotically negligible if ¢ is small
(or equivalently, if V is large). All of this means that there is the
possibility of writing down an explicit formula for the joint distribu-
tion of eigenvalues by computation of the Jacobian of the inverse-
scattering formulae, which gives an avenue to treating this problem
analytically as well as computationally.
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