Zonal PolynomialsandHypeigeometrid-unctionsof
Matrix Argument

Zonal Polynomials and Hypergeometric Functions of Matrix Argument — p. 1/2



Some matrix spaces

G = GL(n; R): The general linear group, containing alln n
nonsingular real matrices

S = S(n; R): The space of real symmetric matrices

G“acts’onS: x2 Gactsons2 Sbhyx s xsxY

X1X2 S (X1X2)S(X1X2)?= X1X25Xx5x )

X1(X25X)X) = x1(X2 S)x{=x1 (X2 9)
X1X2 S= X1 (X2 9)
This Is a group action

right-action vs. left-action
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Notation: For x = (Xjj ) 2 G,

( X) := det(x)
0 1
X11 X1j
i (X) = %3 Eg; j=1::::n
Xj1 Xj ]

The standard bitriangular structure of G: Each x 2 G can be
expressed as x = vcu where

c is diagonal
u is upper triangular with 1's on the main diagonal

v is lower triangular with 1's on the main diagonal
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The map from (u; c;v) ! vcuis smooth when restricted to the

subset of matrices x 2 G such that
Y

j(x)60
j=1
O(n): the group of N n orthogonal matrices
O(n) is a maximal compact subgroup of G

P(n; R): The cone of positive de nite n n matrices

Eachr 2 P(n;R) isofthe formr = xx°x 2 G
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Polynomials on G

. A polynomial function on G
(x) Is a polynomial in the entries xj; of X
P(G): The space of polynomials on G

P4(G): The space of polynomials homogeneous of degree d

N+d 1

P4(G) Is a vector space of dimension ~ ", , where N n?

G is an open subset of R" "

extends uniquely to a polynomial on R" "

A polynomial on G restricts uniquely to a polynomial on P (n; R)
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Fora2 G,dene R;:P(G)! P(G) by:
Ra (X)= (xa); x2G
R4 is called the right regular representation of G on P(G)
Whatis Ry ifa= 1,7
Rab = RpRa

P4(G) is invariant under Ry: RaPy4(G) = Py4(G)
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Regard R" " as RN

Each polynomial on R"™ " is a polynomial on RN

X
(x) = a o X X" X
Shorthand ns)(tation:
(X) = a X
= 4 N |
_ P
Conjugate of : 7(x) = a X

Zonal Polynomials and Hypergeometric Functions of Matrix Argument — p. 7/2



The differentiation inner product on P (G)

P P
For = aX and = b X , dene the inner product

X
hiji= la b

This inner product arises from differentiation of by
HW: Prove that for k 2 O(n), Ry Is a unitary operator on P(G):
Ry jRk i=hj i
Hint: Show thathRy Ry : 1=hj i,a2G
Under the inner product,
hs

P(G) = P 4(G)
d=0
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Representations of G

G: GL(n; R)
V: A space of linear transformations

. G! Visarepresentation of GonV if
(xy)= (x) (¥); xy2G

The dimension of Is the dimension of V

Example: The right regular representation

Example: (x) = ( x)*( x)I is a one-dimensional
representation of G

All one-dimensional representations of G are powers of ( Xx)
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Given representations 1; o, forrr\ the direct sum

1(x) 0

(1 2(x)= 0 J(%)

This gives us a new representation

Irreducible representations: Those which cannot be written as a
direct sum of lower-dimensional representations

The basic problem in representation theory: Describe all
irreducible representations of a group

G = GL(n; R): We use the standard bitriangular decomposition
to describe some irreducible polynomial representations of G
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Each irreducible, nite-dimensional, polynomial representation

Integers where m¢ m, O

m. The representation corresponding to the signature

2m; 2my

m(0) = jaj*™jcoj®™  jen]
m IS a character of C

m 1S a one-dimensional representation of C
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P°M(G): The collection of all 2 P(G) such that
(vex) = om(0) (X); v2V;c2C;x2R" "

Each in P?™(G) is homogeneous:
P°™(G) P4(G); d= 2imj;jmj=my+ + m,
A crucial example of a polynomial in P?™(G):
1
am(X) = ()M ()M M)
=1

Calculate j(vcx) to see why oy, 2 P2M(G)

More comments on the representation theory of G
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Orthogonally invariant polynomials

| (G): The space of left-invariant polynomials on G,
(kx) = (x); k20(n);x2G

If IS homogeneous then it is of even degree, because
lhn 2 O(Nn)

| 5q(G): The class of 2 | (G) which are homogeneous of
degree 2d

A
1 (G) = | 24(G)
d=0

The spherical Eansform: Given 2 P(G), construct # 21 (G):

#(x) = (kx) dk
O(n)
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Apply the spherical transform to each 2 P?M(G) to get the
space | ™ (G)

The spherical transform decomposes | ,4(G) Into irreducible,
orthogonal subs)E)aces

| 24(G) = | “M(G)
jmj=d

S = S(n; R): The space of real symmetric matrices

Each polynomial on G gives rise to a polynomial gon S:

axx) = (x)

The spherical transform converts each left-invariant polynomial p
on G into a biinvariant polynomial gon S
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The zonal polynomials

Apply the spherical transform to | 54(G) and | ?™(G)

X
P4(S) = P M(S)

jmj=d

This decomposition is multiplicity free: Up to constant multiples,
there exists only one nontrivial, biinvariant polynomial in P™(S)

This unique polynomial is called the zonal polynomial

Let 2 Py(S), (ksk% = (s), k2 O(n),s2 S. Then there exist
unique mX2 P™M(S) such that

— m
jmj=d
The f g are orthogonal w.r.t. the differentiation inner product
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Is each subspace P™(S) nontrivial? Is there an explicit formula
for each zonal polynomial?

Apply the spherical transform to the “crucial example” in P2™(G)
/ v 1

Gm (S) = ( ksk9Ms i (kskYMi Miss gk
O(n) J:l

gn 2 P™M™(S) and g, > 0 on the cone of positive de nite matrices

Conclude: Each P™(S) is nontrivial

Om IS the zonal polynomial of weight m
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In multivariate statistical analysis, we choose the zonal
polynomials Z, to be such that

X
(trs)? = Zm(S)

jmj=d
Z iy 1

Zm(s) = Zm(lpn) ( kskAm: i (kskYMi Mis gk
O(n) J:l

This requires that we be able to calculate Zy, (1)

James (1964), Muirhead (1982), Gross and D.R. (1987), etc.
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Theorem: Z, is an eigenfunction of the Laplace-Beltrami

operator and, more generally, all G-invariant differential
operators on S

Ds: A G-invariant differential operator
DS: DXOS)(,SZ S,X 2 G
Ifs= (sj) 2 S, set

@

@ = %(1"‘ ij)@Tij

Examples of invariant differential operators
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tr (s@)? is the Laplace-Beltrami operator

It can be shown that
Iy 1
gn(s) = ( s)™ j(s)m M
j=1
IS an eigenfunction of every invariant differential operator D¢

Since Dg 1s G-invariant then Dg = D ko

D.R. (SIAM J. Math. Analysis, 1985). Applications of invariant
differential operators ...
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Z

Ds om (ksk9 dk
oM

D <G (kskY dk

ZO(n)

D kskoOm (kSkcﬁ dk
ZO(n)

om (ksk9 dk
O(n)

Zm(8)
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Theo&em: Fors:t2 S,

Zm(S) ZLm(t)
+(ksk%) dk =
O(n)Z (S ) Zm(ln)

Denote the LHS by f (s)

Check that f is an eigenfunction of every invariant D
Therefore f (s) / Zm(S)

Evaluate f at the identity matrix

We can also evaluate Laplace transforms of Z, and gy,
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The invariant measure on P(n;R): d s= ( s) (P*D=2(g

For Rf( )> (n 1)=2,

Petrr( () gm(r)dr =1 lm n( )

where ( k= ( +1) ( +k 1)= ( +Kk=( )
¥
[ Im = 53 D m
j=1

— n(n 1):4Yn 1/; 1
n( )= >0 1)
=

Proof: Apply the standard bitriangular structure (a.k.a. Bartlett
decomposition), etc.
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For zf P(n;R),s2 S,

e U2 (1) Zus)dr=[1n n( )( 2) Zm(sz Y
P

Denote this integral by F (s; z)

We already know F (1 ;1n)

Check that F (s; 1) is O(n) invariant and is in P™(S)
Therefore F(s;1n) /I Zm(S)

Use a change of variables to show that
F(s;2) = ( z2) F(z ¥%sz ¥2;1,)
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Forz 2 S,

Z
(r) (1n 1) %(””)zm(rz)dr
o<r <l ,
_n( ) ) [ Im
ST .0 (W

As In the classical setting, apply the convolution formula for the
Laplace transform
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Hypergeometric functions of matrix argument

Recall:

Y

[In= i v,

I
[HEY
NI

The generalized hypergeometric function with arguments 2 S:

XX T adm [ plmZm(s)
[ 1]m [ q]m d!

d=0 jmj=d
When do these series converge?

Reinhardt domain of convergence: Gross and D.R. (1987),
Faraut and Koranyi (1994)
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Example 1: The series for gFg converges everywhere on S

oFo(S)
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Example 2. The series for 1Fg converges for jjsjj < 1

2
(1n s) = e Wln 97 () dr
n )Zp
= 1 e trr OFo(rS)( r) dr
n( ) p

/
1 X 1 X
— e U (r) Zn@rs)dr

() 4o & jcq P
X1 X [ nZm(s)
T a d!

d=0 ~ jmj=d

=1Fo( ;)
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Laplace and beta integrals

Forp gandRe( p+1)> (n 1)=2

: 1
(r) e ( 1y r)ysr e 20000
O<r <1 |,
oFaq( 10055 py 13ttty girs)dr
— n( IO+1) n g+l p+1)
n( g+1)
o+1 Fgra (157705 pr1s 130005 qr1sS)

Zonal Polynomials and Hypergeometric Functions of Matrix Argument — p. 28/~
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Constantine (1962)
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Maass (1971)

Muirhead (1982)
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D.R. (Editor). Contemp. Math., Vol. 138, 1992

Faraut and Koranyi (1994)
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