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� Covariancematriceshave beenstudiedfor over a century in:

Time Series

GLM

Multiv ariate Statistics Variance Comp onents

� Parsimonious covariancemodelsareneededfor e�cient esti-
mation and inferencein regression,for prediction,portfolio se-
lection,assessingrisk (ARCH-GARCH), � � � .

� Thecentral issueishow to lift the curses of dimensionalit y
and positiv e-de�niteness.
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I. One Long Series

� For a stationary pro cess f X tg, its cov. function (X t+ k; X t) depends
only on k:


 k = (X t+ k; X t) =
Z �

� �
eik � f (� )d� ; k = 0; � 1; � � �

Its covariancematrix
� = (
 k� `)k;`� Z

is an in�nite Toeplitx matrix.

� One usually observesa �nite segment X 1; � � � ; X n of f X tg with the co-
variancematrix

� n = (
 k� `)k;`=1: n ;

which is a �nite subsectionof �. What happ ens as n ! 1 ?

Theorem 1 (Kac, Murdock & Szeg•o, 1953; Widom, 1958). Let � 1;n

be the smallest eigenvalue of � n. Then, under some smoothness
conditions on f ,

� 1;n � ! min
�

f (� ):

� Let � 2
n be its one-step ahead prediction error variance:

X n+1

v v v

X 1 � � � X n

then,
� 1;n � � 2

n � � n;n :

Theorem 2 (Szeg•o, 1920). � 2
n ! exp(

R
logf ).
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� Past & Future

Gelfand& Yaglom(1957),Helson& Szeg•o (1960),Yaglom(1963),Grenan-
der (1981),Jewell and Bloom�eld (1983)studied the sequenceof canon-
ical correlations 1 � � 1 � � 2 � � � � � 0 betweenthe past & future:

P = f� � � ; X � 2; X � 1g and F = f X 0; X 1; � � �g

of a stationary processwith the spectral density

f = j' j2; '�H 2 outer:

� Grenander(1981),Jewell and Bloom�eld (1983)pointed out the connec-
tion betweenthe canonicalcorrelations, the \eigenvalues" and the rank
of the Hankel operator Hh on L2 with the symbol h = ' =�' .

Theorem 3. (a) (JB, 1983)Under someconditions,

the canon. corr. of f X tg = Spectrum of Hh.

(b) (Kronecker, 1881;JB, 1983): The rank of Hh is �nite if and only if
f is a rational function or

f X tg is an ARMA process:

� For more details seeSec.8.6 in

Pourahmadi (2001). Foundations of Time SeriesAnalysis and Pre-
diction Theory. Wiley.

V.V. Peller (2003). Hankel Operators and Their Applications.
Springer.
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A Century of Research Leading to GLM for
P

� = (� ij ) � � 1 = (� ij )
Edgeworth (1892) ParameterizedN (0; �) in

terms of entries of the
concentration matrix.

Slutsky (1927) Banded*:
Stationary
MA( q)

Yule (1927) Banded*: Stationary AR(p),

yt = � 1yt � 1 + � 2yt � 2 + " t .

Gabriel (1962) Banded*: Nonstationary AR(p),

An te-dep endence (AD) structure.

Dempster(1972) Sparse: Certain � ij = 0.
� � 1 , the natural param. of MVN.
Graphical Models.

Anderson(1973) Linear Linear Mo dels

Leonard et al (1992,96) Log-Linear

GLM for
P

: Find a link function g(�) so that the entries of g(
P

) are
unconstrainedand interpretable, then write g(

P
) = X � .

* For more recent use of the idea of \banding", seeBickel and Levina
(2004).
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II. Many Short/ModerateSeries

� Anderson'sLinear Covariance Mo del (LCM):

� = � 1U1 + � � � + � qUq;

whereUi 's areknown symmetricmatrices(covariates)and � i 's
are unknown constrained parametersso that � is positive-
de�nite.

{ Every � has a represen tation as LCM:
�

� 11 � 12

� 12 � 22

�
= � 11

�
1 0
0 0

�
+ � 22

�
0 0
0 1

�
+ � 12

�
0 1
1 0

�
;

it is broad enoughto includevirtually all time seriesmodels,
mixedmodels,factormodels,multivariateGARCH models,. . .
.

{ A major drawback ofLCM istheconstraint on� = (� 1; : : : ; � q),
which translatesinto the ro ot constrain t in time series,and
nonnegativ e variance/co e�cien ts in variancecomponents,
factoranalysis,etc.

� LCM and many other techniquesin the literature, essentially
act comp onentwise on

P
, Diggle & Verbyla (1998); Yao,

M•ullerandWang(2005),: : : ; andcannotguaranteethepositive-
de�nitenessof

P
.

5



� Leonard et al's Log-Linear Mo dels (LLM):

log� = � 1U1 + � � � + � qUq;

whereUi 's areasin LCM and� i 's areunconstrained.

Q. How doesonede�ne log �?

A. log� = A , � = eA = I + A
1! + A2

2! + � � � .

OR

{ If � = P0� P, then log� = P0log� P.

Lemma:� is pd , log � is realandsymmetric.

{ A major drawback ofLLM isthelack ofstatistical interpretabil-
ity of the entries of log�.
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� Time Series & Cholesky Decomp osition:
The AR(2) model

yt = � 1yt� 1 + � 2yt� 2 + " t;

for t = 1; 2; : : : ; n canbe written as

y1 = � 1y0 + � 2y� 1 + "1;
y2 � � 1y1 = � 2y0 + "2;
... ...

yn � � 1yn� 1 � � 2yn� 2 = "n:

Setting" = ("1; : : : ; "n) ande = (y� 1; y0), it becomes
the regression-lik e model

TY = " + Ce;

where

T =

2

6
6
6
6
6
6
6
4

1 0 0 � � � � � � 0
� � 1 1 0 � � � � � � 0
� � 2 � � 1 1 � � � � � � 0

0 . . . . . . . . . ...
... . . . . . . . . . ...
0 � � � 0 � � 2 � � 1 1

3

7
7
7
7
7
7
7
5

; C =

2

6
6
6
6
6
6
6
4

� 2 � 1

0 � 2

:::::::::::::
0 � � � 0
... ...
0 � � � 0

3

7
7
7
7
7
7
7
5

=

2

4
C1

� � � � � �
0

3

5 :

When " and e are independent (causality assump-
tion), it followsthat

Tcov(Y)T0 = � 2I n +
�

C1cov(e)C0
1 0

0 0

�

= A nearlydiagonal matrix.
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� Reg./G.-Sc hmidt/Chol./Szeg• o/Bartle tt/D L/KF
Regressyt on its predecessors:

yt = � t;t � 1yt� 1 + � � � + � t1y1 + " t;

y1 y2 y3 � � � yn� 1 yn
� 2

1
� 21 � 2

2
� 31 � 32 � 2

3... ... .. .
� n1 � n2 � � � � � � � n;n� 1 � 2

n

in matrix form
2

6
6
6
6
6
4

1
� � 21 1
� � 31 � � 32 1

... ...
� � n1 � � n2 � � � � � n;n� 1 1

3

7
7
7
7
7
5

2

6
6
6
4

y1

y2
...

yn

3

7
7
7
5

=

2

6
6
6
4

"1

"2
...

"n

3

7
7
7
5

� � tj and log� 2
t areunconstrained.Call them the generalized

autoregressiv e parameters (GARP)andinno vation vari-
ances (IV) of Y or � .

� This ideareducesthe unintuitive taskof covariancemodelingto
that ofasequenceof regressions(with varying-orderandvarying-
coe�cients). (Pourahmadi,1999,2000).
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� Generalized Linear Mo dels (GLM):

For � pd, there are uniqueT and D with positive diagonal
entriessuch that

T� T0= D:

Note. �  ! (T; D).

Link functions: g(�) = 2I � T � T0+ logD,

a symmetricmatrix with unconstrainedandstatisticallymean-
ingful entries.

Strategy: ModelT \linearly" asin Anderson(1973)

log D " " " Leonardet al. (92,96).

OR replace\linearly" by parametrically/nonparam./Bayesian
� � � .

Bon us: Theestimate
P̂

= T̂ � 1D̂ T̂0� 1 is alwayspd, whereT̂
and D̂ are estimatesof parsimoniously modeled
T andD.

Q. How to identify modelsfor (T; D) ?
A. UsecovariatesOR shrink to zerothe smallerentries of T
usingpenalizedlikelihood, priors,etc.. (Smith andKohn, 2002;
Pourahmadiand Daniels,2002;Huanget al. 2006;Bickel and
Levina,2004,2006).
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