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Covariancematriceshave beenstudiedfor over a cerury in:

Time Series

GLM

Multiv ariate Statistics Variance Comp onents

Parsimonious covariancemodelsare neededor e cient esti-
mation and inferencan regressionfor prediction,portfolio se-
lection,assessingsk (ARCH-GARCH),

Thecertral issuashowto lift the curses of dimensionalit y
and positiv e-de niteness.



I. One Long Series

For a stationary processfX.g, its cov. function (X.x; X¢) depends

only on k:
Z

k= X Xi) = e f()d; k=0 1

Its covariance matrix
= ( k ‘)k;‘ Z
IS an in nite Toeplitx matrix.

One usually obsernesa nite segmeh X1; ; X, of f X(g with the co-
variance matrix

n = ( k \)k;‘:]_:n;

which is a nite subsectionof . What happensasn! 1 ?

Theorem 1 (Kac, Murdock & Szegr, 1953; Widom, 1958). Let 1.,
be the smallest eigenvalue of . Then, under some smoothness
conditionsonf,

tn ! minf():

Let 2 beits one-step ahead prediction error variance:

><n+1

AV AV AV

then,

2 .
1n n nn-

R
Theorem 2 (Szegr, 1920). 2! exp( logf).



Past & Future

Gelfand& Yaglom(1957),Helson& Szeg@r(1960), Yaglom(1963),Grenan-
der (1981),Jewell and Bloom eld (1983)studiedthe sequenc®f canon-
ical correlations 1 1 2 0 betweenthe past & future:

P=f ;X Z;X 190 and F=on;X1; g
of a stationary processwith the spectral density

f=jj%'H 2outer

Grenander(1981), Jewell and Bloom eld (1983)pointed out the connec-
tion betweenthe canonicalcorrelations, the \eigenvalues" and the rank
of the Hankel operator H, on L? with the symbolh="=.

Theorem 3. (a) (JB, 1983)Under someconditions,
the canon. corr. of f X;g= Spectrum of H,.

(b) (Kronecker, 1881;JB, 1983): The rank of Hy, is nite if and only if
f is a rational function or

f Xtg is an ARMA process

For more details seeSec.8.6 in

Pourahmadi (2001). Foundations of Time SeriesAnalysis and Pre-
diction Theory. Wiley.

V.V. Peller (2003). Hankel Operators and Their Applications.
Springer.



A Century of Research Leading to GLM for

= (i) = (")
Edgeworth (1892) ParameterizedN (0; ) In
terms of entries of the
concentration matrix.
Slutsky (1927) Banded*:
Stationary
MA( Q)
Yule (1927) Banded*: Stationary AR(p),
Ye= 1Yt 1t oYt 2t "t
Gabriel (1962) Banded*: Nonstationary AR(p),
An te-dep endence (AD) structure.
Dempster (1972) Sparse: Certain ' = 0.
1 the natural param. of MVN.
Graphical Models.
Anderson(1973) Linear Linear Mo dels
Leonardet al (1992,96)| Log-Linear

P P
GLM for : Find a link function g() solghat the ertries of g( ) are
unconstrainedand interpretable, then write g( ) = X

* For more recern use of the idea of \banding", seeBickel and Levina

(2004).



I1. Many Short/ModerateSeries
Anderson'd.inear Covariance Mo del (LCM):
= 1U1+ + qu;

whereU;'s are knovn symmetricmatrices(covariates)and ;'s
are unknavn constrained parameterssothat is positive-
de nite.

{ Every has a representation as LCM:

11 12 _ 10 N 00 N 01
it is broad enoughto includevirtually all time seriesmaodels,
mixed madels,factor models,multivariate GARCH maodels,. . .

{ Amajordrawbak ofLCMistheconstrainton = ( 1;:::; o),
whidh translatesinto the root constrain t in time seriesand
nonnegativ e variance/co e cien ts invarianceeompmnerts,
factoranalysisgetc.

LCM and mary otherted]gliquesin the literature, essetmally
act comp onentwise on , Diggle& Verbyla (1998); Yao,
MullerandWaBg(ZOOS),: .. ; andcannotguarareethe positive-
de nitenessof



Leonard et al's Log-Linear Mo dels (LLM):
Iog = U+ + qu;

whereU;'s areasin LCM and 's areunconstrained.
Q. How doesonede nelog ?
Alog =A, =e=Il+5+5+

OR

{If =P%P,thenlog = P%og P.

Lemma: ispd, log isrealandsymmetric.

{ A mgordrawbadk of LLM isthelad of statistical interpretabil-
ity of the ertriesof log .



Time Series & Cholesky Decomp osition:
The AR(2) model

Vi= 1Yt 1+ Yt 2+ i

Yi = 1Yo t+ 2y1 t "1

Y2 Y1 = 20 t 2

Yn 1Yn 1 Yn 2 = "n!

the regression-lik e model

TY =" + Ce;
where
2 3 2 3
1 0 )
L 1 0 0 0 2 3
2 1 1 0 L 4 C1 5
T = 0 C = 0 0 =
. . 0
0 0 2 1 1 0 0

When " and e are independen (causaliy assump-
tion), it follovsthat

Cicov(e)C? 0
0 0
= A nearlydiagonal matrix.

Teo/(Y)TO = 20,+



Reg./G.-Sc hmidt/Chol./Szege o/Bartle tt/D L/KF
Regresy; onits predecessors:

Vi = tt iVt 1t + a1t 'y

Y1 y2 Y3 Yn 1 Yn
2
1
2
21 2 5
31 32 3
nl n2 nn 1 %
in matrix form
2 1 32 3 2 3
Y1 "1
21 1 "
W pei-
nl n2 nn 1 1 Yn "

i andlog ¢ areunconstrainedCall themthe generalized
autoregressiv e parameters (GARP)andinno vation vari-
ances (IV) of Y or

This ideareducegshe unirtuitiv e task of covariancemaodelingto
that ofasequencefregression@vith varying-ordeandvarying-
cce cients). (Pourahmadi1999,2000).
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Generalized Linear Mo dels (GLM):

For pd, thereare uniqueT and D with positive diagonal
ertries sud that
T T°=D:

Note. I (T;D).

Link functions: g() =201 T T% logD,

a symmetricmatrix with unconstraine@nd statisticallymean-
ingful ertries.

Strategy: Model T \linearly" asin Anderson(1973)

log D " " Leonardet al. (92,96).

OR replace\linearly" by parametrically/nonparam./Bgesian

F)
Bonus: Theestimate” = T BT lisalwayspd, wheref
and D are estimatef parsimoniously madeled
T andD.

Q. How to identify modelsfor (T; D) ?

A. UsecovariatesOR shrink to zerothe smallerertries of T

usingpenalizedikelihaod, priors,etc.. (Smith and Kohn, 2002;
Pourahmadiand Daniels,2002;Huanget al. 2006;Bickel and
Levina,2004,2006).
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