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Spiked Covariance Model

Consider n independent observations {x"}!'_; from the model

k
Xr = E U;V; + 0'5
1=1

where:

-x € RP

- u; are independent random variables (components/latent variables)
with E{u;} = 0, Var{u,;} = 1.

- v; are fized orthogonal vectors in R?

- £ is a noise vector, whose p components are i.i.d. N(0,1) random

variables, and o is the level of noise.

(same model as in David Hoyle’s lecture yesterday)




A Spiked Covariance Model

The population covariance matrix (n — oo) admits the form

[ Joi2 0 0

k
_ / 2 _
Cso = E v;v; +0°1, =
J=1

0

This is a spiked covariance model with k large eigenvalues and an

additional p — k eigenvalues equal to 0.




Convergence in Spiked Covariance Model

Let C,, = 1/nX’'X denote the sample covariance matrix from n

observations z!, ..., ™.

Question: How close are the eigenvalues and eigenvectors of C,, to

those of the population matrix C, 7

Application: How good is PCA at detecting a characteristic signal

inside noise.




Previous Work

1) Classical Statistics: the dimensionality p is fixed, noise level o is
fixed, number of samples n — oo [Girshik 1936, Anderson 1963, etc]

2) Statistical Mechanics/RMT: both p,n — oo with their ratio
fixed p/n = c.

[In the statistics community: Bai and Silverstein, Baik and
Silverstein, Johnstone, Paul, Onatski, Baik Ben Arous and Peche, El
Karoui, ...

In the physics community: Hoyle & Rattray, Reimann & al, Biehl,
Watson, ... ]

3) Stochastic Perturbation theory: p,n fixed [GW Stewart 1990].




Previous Results - The Phase Transition

Limits of the leading Eigenvalue: As p,n — oo, p/n fixed

0% (14 ,/Z) if n/p < ot /||v|*

(ol +02) [1+ 22| n/p> ot/ |v]*

Limits of the leading eigenvector:

/

0 if n/p < ot/|lv|*

R? = [(Vpea, V)]? = nivf*
(p/n) = [(Vpca, V)| \ pod if n/p > ot /|v|*

n|lv]4 n ||'vg2

\ pcr4 o




What happens for finite p,n ¢

Asymptotica - Are we there yet ?

How close are the results for A\pc, and vpc, to the limiting values as

p,m— 00 7

What is the origin of the phase transition 7 What type of phase

transition occurs for finite p, as a function of n ?

What is the explicit dependence of the eigenvalue and eigenvector on

the noises ?




Our approach - Stochastic Matrix Figenanalysis

We keep p,n fixzed, as well as the specific values of the latent

variables u; in the given training set.

This gives us a finite covariance matrix.

We will view o - the noise level, as a small parameter and use

Matrix Perturbation Theory




Benefits

1) Probabilistic convergence: Under certain conditions, with
probability 1 — ¢, the eigenvector of sample PCA is "close” to that of
population PCA, and we quantify this closeness.

2) Leading Order Perturbation analysis: We consider the limit
o — 0. The leading eigenvectors and eigenvalues are analytic in o,
and we compute their Taylor expansion, with their explicit
dependence on the noise terms - leading order mean values and

variances.

3) A matrix analysis view of the phase transition. We

present a matrix based explanation for a ”phase transition type”

behavior as a function of n for finite p and n.




Our Results

For simplicity, consider a training set of n samples {(x",u”,£&")}"_,

from a 1-component model,

T =uv + ok

1
Su = Z(uy)z k= suv]”
174

1 1
Pj = n—SuZUVﬁ? Bij = 52535}/

Remarks: p; ~ N(0,1/n) are all i.i.d., 8; ~ x2/n = O(1),
Bi; = O(1/y/n)




The Covaritance matrix

/ 201
P2

[ 61 Bis ... Bip )
Bo1 oo '

\ 5]3,1 ﬁp,p )

Lo + olq + 0'2,62

signal + signal/noise interaction 4 noise




Perturbation Theory

EXAMPLE: Upon diagonalizing the minor of the noise matrix,

( K2+ 2k0p1 + 2B bio
bio 0
bis 0

\ b1, 0

Determinant equation:

iy \
0
0

)

(0 o

0 Ao
0

\ 0

where Bij = O'/ﬂ)ﬁj + O'QﬁNlj, and )\2 Z )\3 Z )\p.

~

p

F(N) = det(\I — Cp) = A — (K* + 2k0p1 + 02B11) — ) =0

rr Y




The Pulled Up Values

The eigenvalues of 1/nX’X are solutions of

~

p b2-
FO) =X = (° + 260p1 +0%B11) — ) S _UAj —0

J=2
where bij = O'Hjﬁj + O'2ﬁ1j

Conditional on knowledge that the k-th direction has variance A\,

~

bij ~ N(0,\;0°%(k* + 20kp1 + 0°(11)/n) and they are all
independent. Therefore,

—1
f(A) = A= (K% +2K0p1 +U2511)—p - (k% +2Kk0op1 +0°611)E

As n,p — oo, largest eigenvalue solves
) =x=|lv]* = o = (|Jv]|* + o7

which gives limiting eigenvalues, and location of phase transition.




Results I: Finite p,n eigenvalue and eigenvector

Theorem: Let n < p be both finite and fixed. Using concentration
of measure results from Szarek & Davidson, for n < p

Pr{)\g > <1+\/§>2+£} < e=exp (—2(1 +p\/5)2)

Assume

9 2
(2B

Define

2001  0°

X1
(2

A=1+
IaY

then with probability at least 1 — ¢

/<;2A—|—\//<;4A2—|—4Zl~)%
2 4 02, < Moy < ’
K + ; 15 = \PCA = 9




Now » . b?; ~ k>Aco?p/n so with probability at least 1 — &’

2

KZA + am\/zx/p/n < Mpoa < K2A + A

K2An

Similar bounds on angle between vpc, and v,

Sin Ope, ~ %\/g+ 0(02)[




The Phase Transition

In the limit n,p — oo, p/n fixed,

if n/p < o*/|lv|*

R2(p/n) — |<,UPCA7,U>‘2 = 9 nlv)®

po?

(3)

if n/p > o*/|v||*

n|lv]4 n ||'vg2

\ pa4 o




Phase Transition for finite p as function of o

First, a "thought experiment”: Take training set {a”} with finite p,n
and start increasing o. What should be the expected behavior of
R = (Vpca,v) and of Apcy ?

}\1, )\2 as a function of o

A~ k2+0%(1+p/n) R~1-0%/k’p/n
n = 50,p = 200, kK = 7.87




Phase Transition as function of o




Phase Transition for finite p as function of n

Now consider the behavior of Apc, and R = (vpca,v) as a function of

the number of samples n:

)\l, )\2 as a function of n

p=2>50,|v||=1/5,0 =1




Phase transition for finite p as function of n

i < >
)\1, )\2 as a function of n VF,CA , el

2.2 2.4
X 104

p=250,|v||=1/5,0 =1




Summary and some take home lessons

1. Asymptotic results are not the end of the story - finite p, n can

have quite interesting behaviors.

2. Inference in high dimensional setting is qualitatively different from

classical statistics, where error is O(1/4/n).

3. If n < p and noise is not negligible, PCA is not a good method to

estimate the underlying principal vectors. Errors are O(”,;‘J—H v/ Z) and

therefore important to perform ”local” /wavelet type dimensional
reduction prior to PCA. Other ”"global” methods for

regression /classification such as partial least squares, classical least
squares suffer from similar problems in the small n—large p case
[Johnstone & Lu, Nadler & Coifman 05’, Donoho & Buckheit 97’
Raudys 80’s]

The end :)




Asymptotica - not there yet !

n=20000 R =0.58835R_ 0.56709

asymp
T T T T T




Some open questions

Estimation / characterization of location of phase transition for finite

p. Derivation of probabilities for R > Ry as a function of p,n,o ?

What is the "optimal” procedure to estimate v under various
assumptions on the distribution of v 7 - PCA is clearly not optimal

Can one derive bounds such as

E{R} <1-— f(p,n,o)

for any possible procedure that tries to estimate v, where averaging is

over all possible noises and over an apriori assumed distribution of v.




Taylor Expansion of leading eigenvalue and eigenvector

We now consider the dependence of Apq, and vpc, on the noise
strength o. Since these quantities are analytic in o, we can expand

them in a Taylor series:

Apca Ao+ 0N+ 02X+ ...

2
Vpca Vo +0V1 +0"vV2 + ...

and insert into the eigenvalue equation

(Lo + 0Ly + 02£2)v = \v




This gives the explicit leading order dependence as a function of the

noise:

Apea = K2 [1 20771 o <tp . —I—ﬂu) + O(o )]

v
RA/T

where 7; are all i.i.d. N(0,1), t,—1 ~ x;_;, and (11 has mean one.

(0,772, R ,np)/ + 0(0'2)

Upca = €1 +




Leading Order Mean and Variance

E{Aver} = E{w?} o] + o (1 " 7%1) +0(0Y

1 E{u?}||v]|?
Var{)\PCA}:EE{ULL}HUHZL—I—JQ { ;{;H | —|—O(a4)




Leading order mean and variance

The I' functions arise from the average of the square root of a

chi-squared variable. If p > 1, then

E{sinfpc,} ~ %

and

Var{sin fpc, } ~ (1+O0(1/p)) +O(c?)

2Kk2n




