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I The Problem and Data

Let X(1) .. X)) where X(0) = (X1(4),...,Xp(2)), be an i.i.d
sample of size n from X = (Xq,...,Xp) ~ Np(u, K~1), where K
IS the precision matrix.

We may have n < p.

Example Data of expression levels of genes :

e the observations are n experiments and for each experiment
the expression of p genes is observed : X;(7) is the expression
level of the j'* gene for the it" expression.

e (Wu et al., 2003) this kind of data could be considered as
sampled from Np(p,~ = K1)



Problem : Gene interaction detection 7

Quantification of interaction
between two genes +—— partial correlation coefficient

kis
Pij - V\{iiy = =
\ Kiikyj
Conditional independence : if X_;; = (X, 1 € V' \ {3,4})

Gene interactions < genetic network «— Graphical Gaussian Model




II Separability on graphs

An undirected graph G = (V, FE) is a pair of sets where V is the
set of vertices and FE is the set of edges. Let 2,5 € V, we write
1 ~c j when ¢ and j are adjacent in G.

Let i %G j in a connected graph G and S C V' \ {4,j}

e S is a separator of ¢+ and 5 if any path between 7 and j
intersect S. Any S’ D S is also a separator of ¢ and j.

e S is called minimal separator of i and j, if for any S’ C S
and S’ £ S, S’ is not a separator of ¢ and j.

e We denote by msg(i,7) the set of minimal separators of i, j
in G.

— If 2,5 are in two different connected component of G, then
msq(4,5) = 0.
— We denote by qg(i,7) the common cardinality of the el-

ements of msg(4,7) 5



Order of separability of a graph

Definition : The order of separability of a given undirected
connected and non-complete graph G = (V, FE) is

0s(G) = max qg(4,7)
iG]

Example :

0s(G) = 2 os(G) =1




IT1 faithful Graphical Gaussian Modeling
Whittaker (1990), Lauritzen (1996), Edwards (2000).

For any P = Np(p, X~ = K~1) we associate G = (V, E) where V
is the set of variables, |V| = p and FE is constructed using the
Pairwise Markov propriety (PMP) w.r.t G

Vi, 7 €V, Z?égj<’:>X7/ 1 p XJ|X_,&J
Also, P satisfies Global Markov propriety (GMP) w.r.t G.

If S is a separator of 4,5in G = X; A p Xj|X5

Lauritzen (1996)
Theorem If P has a positive density, (GMP) < (PMP)
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faithfulness

A probability distribution P is faithfull to graph G if GMP be-
comes an equivalence :

If Sis a separator of ¢,jin G < X; 1L p X;|Xg

Example :
52 10 3 4 X1 0 X4 | X0 s
K=171051 -
0112 . , Xo L X3 | X(1.4




Independence or Covariance ( bidirected) graphical models
Cox and Wermuth (1996), Richardson and Spirtes (2002)

For any P = Np(u,X) we associate Gg = (V, Eg) where V is to
the set of variables, |V| = p and Eg is constructed using the
bi- Pairwise Markov propriety (biPMP) w.r.t G

Vi, 3 €V, 7:’76G0j<:'>X?: _J.LPX]

Definition : P satisfies the bi-Global Markov propriety (biGMP)
w.rt Go : Vi,jeV,ikg,jand SCV\{ij}

If V\(SU{i,j}) separates ¢ from jin Go = X; 1L pX; | Xg

Lemma : The multivariate normal distribution satisfies the biGMP



Low order partial correlation coefficient

o let 0O < m < p—2. An m—partial correlation coefficient
between two variables X; and X is defined by

[ min {  SCVA\{ig} ISI=m} ifm>1

Pij-S

Pij-m —

ifm=20

Pij

\

e An m—graph is an undirected graph G, = (V, E,,) associated
to the distribution of X

i ~anJd = Pijm Z= 0

— (G is the covariance (or independence) graph.

— the 0-1 graph (Wille and Biuthiman (2006)) is the graph
with the set of vertices equal to FgnN Ey
10



IV Main result

Let P a multivariate normal distribution faithful to a connected
non-complete graph G.

Lemma 1 : If os(G) = m then G = Gy,
Lemma 2 : For all ¢,¢' such that 1 <¢ <¢' <p—2, we have G, C Gq

Lemma 3 . Suppose that os(Gg) = mg < p — 2 and that Gp is a
connected graph then G71 C Gp

Theorem : With all these hypothesis, we have VkE, m <k <p— 2,
G=G,=GmCGp-1<...CG1 CGo

11



Proof of lemma 1 :

Let ¢+ and 53 be two vertices in G.
Ifibgy = FSCVA\{ij}, |S| =m, S separates ¢ from j in G
= X; UL X;|Xg= pjj.s=0. = pjjm,m=0
= 1%qg,, ] = Gm CG.
Ifidg,i = pijm=0=3SCV\{ij}, |[S| =m such that
= X; 1 X; | Xg, P is faithful to G
= S separates : from 5 in G

= idgj = G=Gn.
12



Proof of lemma 2 :
Let ¢+ and 5 be two vertices such that 1 76GQ 7 then there exists
S CVA\{ij}, |S| =¢q such that

Pij-S = 0= AX'ZJ.LAX‘7 | XS

P is faithful to G, then S separates from jin G. Let S C V\{3, 5},
S’ = ¢’ and S’ O S then S’ separates i from j in G.

:>X7;_|J_Xj | XS’ = pij-S’ =0 = pij-q’ =0 = iﬁgq,j

13



Proof of lemma 3 :

Let 4,57 € V such that i %¢q, J

As 0s(Gg) = mg = IS a separator of ¢ and j such that |S| = mg.
Let k€ V\ (SU{i,j}).

As V \{i,5,k} 2 S, then V \ {4,5,k} is a separator of ¢ and j in
Go. Using (biGMP), we conclude that

Xi L X | Xpy, = pij1 =0 =i lg, J

14



Proposition G = G1 UG5, where G;1 = (V1,FE71) and Go = (V5, E»)
are two connected components of G. Suppose that P is
faithful to G. Let P, be the marginalization of P on V.
Then P is faithful to G, for £k =1, 2.

Proof :
S is a separator in Gy of two vertices ¢ %q, j

— S IS a separator in G of ¢+ and j
=0 X,L'J_LPX]'|X3, or SU{i,j}CVk

— X,L'J.kaXj | Xg

15



Edge exclusion test

Let i, € V, S C V\, |S] = m and pij.s the sample correlation
coefficient of (X;, X;) given Xg.

g g
HE)] . pij.s =0 Vs quj[7 pzyS#O
Muirhead (1982), under HY >,
1l n—m-—2
2
Pijs ~ BELa (5’ 2 )
, ln—m-—2

Let ¢(a,n,m) be the (1 — «)-quantile of a Beta (5’ 5 )

a = Pr (reject ng-s | ng'strue) = Pr (ﬁ%,s > t(a,n,m) | Hg'strue)
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V uPC algorithm

Some related references

e Meek (1996), Chapiter 6, phD-thesis : based on the maxi-
mum degree of a graph

e Spirtes, Glymour and Scheines (2000) : gives the names of
PC-algorithm

e Kalish and Buhlman (2005) : estimating skeleton of DAGS,
based on the search of neighboors.

A package on R : pcalg

17



uPC-algorithm
Step 0 Let m =20

Step 1 Estimating G,
1. If m = 0O, for all ¢ % j, reject the edge (i,7) in Gg if
ng < t(a,n,0)

2. If m>20
2.a. use conComp to find the connected components of
Gmi_l | 1 1
e I O I WINE I OB OF

2.b. Letl=1,.
Da.a If |V(S>1| <m—2, then G¥) , =G
2.a.3 Else, let (¢,5) € Eﬁ?_l reject (i,7) in Gm when
= S S| = m and S C V()l\{z j} such that
p’LJ g < t(a,n,m)

Step 3 Stop if Gm 1 = Gm else m = m <+ 1 and return to Step 1,2.
18



VI Simulation Study

e We write a uPC package on R (still in progress)

e We use GeneTS package (on R, Opgen-Rhein, Schaefer and
Strimmer (2005)) for sampling data.

e Number of vertices, p= 10, 20. Number of observations
fromn = 20,40,...,100. Number of replications s = 50. Per-
centage of present edges n = 30%. Tuning parameter a = 5%.

19



False positive rate (fpr), true discovery rate (tdr) and
true positive rate (tpr)

Rejected Accepted
Edges Edges
Edges
Absents | hg—V =h—-R-U |4 ho
Edges
Presents U hi—U=R-V | hy
h—R R h

fpr=E<—

), tdfr:E(hl_U
R

hi1 —U
,R>O) and tpr=E< 1 >

h1
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Results

fpr tdr
p=10| n uPC 0-1 uPC 0-1
20 | 0.0052 | 0.0155 | 0.9673 | 0.9328
40 | 0.0013 | 0.0413 | 0.9927 | 0.8927
60 | 0.0026 | 0.0561 | 0.9893 | 0.8769
80 | 0.0013 | 0.0632 | 0.9956 | 0.8685
100 | 0.0026 | 0.0800 | 0.9921 | 0.8432
fpr tdr
p=20| n uPC 0-1 uPC 0-1
20 1 0.0176 | 0.0180 | 0.6220 | 0.6201
40 | 0.0101 | 0.0141 | 0.8484 | 0.8253
60 | 0.0074 | 0.0146 | 0.9157 | 0.8772
80 | 0.0039 | 0.0167 | 0.9605 | 0.8941
100 | 0.0042 | 0.0188 | 0.9640 | 0.8980
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e Changing Tuning parameter o, p = 20, n = 1000, n = 15%

and s = 50.

«

fpr

tdr

tpr

0.001
0.01
0.05
0.10
0.30

0.0000
0.0002
0.0021
0.0051
0.0234

1.0000
0.9984
0.9871
0.9695
0.8745

0.8525
0.8600
0.8621
0.8669
0.8786

e Changing Tuning parameter «, p = 10, n = 1000, n = 40%

and s = 50.

(87

fpr

tdr

tpr

0.001
0.010
0.050
0.100
0.300

0.0007
0.0015
0.0044
0.0156
0.0504

0.9986
0.9973
0.9922
0.9749
0.9240

0.7289
0.7756
0.8356
0.8589
0.8867
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Estimating os(G)

e p=10, n = 30% and the os(G)=3 (G the generated graph)

—~

m| n=20 n=40 n=60 n=80 n =100
frequency 2 0.56 0.48 0.22 0.36 0.42
3 0.44 0.38 0.56 0.46 0.48

e p = 20, n = 15% and the os(G)=3 (one isolated vertice)

m| n=20 n=40 n=60 n=80 n =100
frequency 2 0.64 0.08 0.04 0.02

3 0.32 0.66 0.42 0.46 0.46

4 0.04 0.26 0.48 0.36 0.38

23
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