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|. Introduction

Overview This talk introduces an algorithm faronstrained
optimization of themean of a computer outpug; (x) (with
respect tknown distribution of field variables) when the
constraint is defined by the mean of a second compute output
y2 (). The algorithm is particularly useful when observations
areexpensive to compute. The, (o) andy,(x) outputs can
come from the same or different black box codes.



Motivating Example — Designing a hip implant

Goal: To determine the
hip implant design, I.e,
(b,d), that minimizes
femoral stress shielding
100 mm while prgviding afje

v quate resistance to im-
plant toggling.

o > |«

\16 MM ¢ b = bullet-tip length
Nominal e d = midstem diame-

___J Diameter ter




e Environmental Variables

e £ = elastic modu-
lus of trabecular (aka
cancellous) bone; a
“spongy” bone struc-
ture found in the in-

ner part of the bone
e O =joint force angle
e 1 = Interface friction

(1« = 0 1s no friction)




Summary
e Engineering Design Variables = (b, d)
e Environmental Variables = (F, O, u)

e Known joint distribution of Environmental Variables obged
In the “Field”

(E,0) Lu

1.
2. |11] 10 point discrete uniform distribution d0.0, 0.42]
3.

F,0] 12 point discrete distribution on
{60,200,400} x {—10,—5, +5, +10}



Outputs (competing objectives)

1. S=5(b,d, F,0, u) = normalized measure of bone stress
shielding for engineering desigh, d) in environment

(E,0, 1)
2. T=T(b,d, E, O, 1) =normalized measure of implant

toggling
Biomechanically Increasing prosthesis stiffness, decreases
Implant toggling but increases bone stress shielding

Goal (Formulation 1) Minimize
y(b7 d) — CL)S(b, d7 EO) @07 /LO) T (1 _ (,U)T(b, d7 E07 607 ILLO)

where(Ey, Og, o) is a typical value, or (better)
y(b, d) = WE(E,@,M){S} + (1 — W)E(E,@,,u){T}

wherew measures the relative importance of the two objectives.



Goal (Formulation 2) Minimize
ps(b,d) = Ege,)15(0,d, E,0, 1)}
subject to
(b, d) = Epe,0{T(b.d, B0, )} < B

whereB is a specified, biomechanically meaningful bound

e Canreplacé’z e ,){ -} in stochastic constraint that
characterizations “smallness,” eq,

1. ProwiT(b,d, E,0O,u) <target > 1 — «

2. E(E,@M){T(b, d, E, @, ,u)}
+2x SEpemiT(b,d, E, O, )} < B



Setup
o x = (., )

e x. = Vvector of control (manufacturing, engineering)

variables
e x. = vector of field (environmental) variables;

X. ~ F.,a known distributionF.,
e Bivariate output (signal) isy;(x), y2(x))

 ij(x.) = Epyi(®e, X))y i = 1,2
e Goal Find

x; = argmin, ., pi(x.) subjectto us(xr) <U

e Approach is “Bayesian”



II. The Model and a Specialization

e Fori: =1,2, y;(+) is viewed as a draw from the process
Yi(z) = B fi(x) + Wi(z) + ei()

whereg,; is an unknown vector of regressors;,(-) is a
known vector of regression functiond/;(+) is a stationary
GSP(0, 72, R;(+| &) with unknown 77 and¢; and
cross-correlation functio® 5 (| £,5), ande;(x) is a scaled WN
process with variance?

o Cov (Yi(w1), Yi(x2)) = 77 Ri@1 — x2| §;) fOri = 1,2
o Cov (Yi(x1),Ya(2)) = mimaRia(®1 — x2| &)

o (Ri(:| &), Ra(+| &), Ri2(+] £€45)) must be valid for all choices
Of € — (517 527 512))



e Covariance parameters

(71 77—72/71 P1—01/T1 102—(72/72 —02/(7771) f)

In the case of computer experimenis,= 0 = p, So that the
covariance parameters gre, 7, £)

e Assumer., Is discrete so that

i ( ) EF {yz wc; } Zw] yz L, L ,]

e Warning Throughout, we assume that(-) andy,(-) are
“expensive” to compute, so that neithef(x.) nor us(x,.)
would typically be computable at amy.



Specialization (Spatial autoregressive procesk Kenney and
O’Hagan (2000))
Y(.’B) = b + W(CB), 1 =1,2

whereW,(z) ~ GSP(0, 72, Ri(+)),

Wi(s) L Ws(-),

(

Wo(x) = rWi(x)+ Ws(x),
)

Ws(x) ~ GSP(0,75, Rs(+))

1. If r =0, y1(x) andys(x) are modelled as independent
processes (suggested by Schonlau et al. (1997) for
constrained optimization)

2. If y1(x) andy,(a) are positively or negatively associated
and on the same scale, then there can be identifiability
issues—similar fits can obtained with multipl@ndr;



Note

—>
T
Ry (331 — 332)

Wi(-) ~ GSP(0,77, Ri(-))

W (x)

TWl (CB) -+ W(s(a?),

W1() 1 Wé(')

Var(Ws(x)) = r°mf + 75

it =t

Cor (Ya(x1), Ya(x2))

°Ry (21 — x2) + (0 — 1°) R (@1 — @2) | /)
Cor (Yi(x1), Yo(2)) = rRi(x1 — T2)/\/1



I11. A biVariate constral ned exPectEd impRovement
Algorithm

e Recall Findx} = argmin () subject tous(xr) < U
e Overview

1. Computey,(-) andy,(-) at the points in an initial
(space-filling) design.

2. Use the information from the initial runs to select thetnex
point according to a bivariate expected improvement

criterion.

3. Continue selecting points using the information fronoéll
the previous runs until a stopping criterion is met.



e Training Data S, = {x},..., x!} Whereiv§ = (wi,jv wte,j)

e Control Variable Portionsof S,, S5 = {x{,,...,=.,}.

o ij(x.) = Ep, {yi(®e, X))t = 1,2

o ™ = min{py (x!;) : x.; € S5, po(xl;) < U},

C,1

e |mprovement For arbitraryz,,

min

P = (), p > () and pa(x,) < U
0, O.W.

= max{0, ™ — pn(x.)} x I [pa(ze) < UJ,

in(X.) =

where

I(A)is 1if A occurs and is O otherwise



o Prior for p;(x.) Mi(x.) =Y. w; Yi(xe, e ;)

J

e Take the distribution of
I(xe,v) = max{0, M{™ — My(z.)} x I [My(z,) < U]
as a “prior” fori,(-) where M ™™ is defined to be
min { M (x,,;) : E{Ma(z,,;) | YT, Y5, v}

—ton—2,95 \/VCLT{M2(CU£,¢)| Y, Y5,v} < U}

e Randomness left in the definition &f(-, «v) involves M, (x..),
Ms(x.), and (some off M, (! ,), ..., Mi(x,))

c,n



TheVIPER Algorithm
0: Choose theinitial set of design points,, = {x},..., x!}
Sl: Estimate the correlation parameter vector= (n, &) by
the mode of the posterior density 9fgiven(Y7,Y ), say
Yn
&: Choose thén + 1)-st control variablex!,  , to maximize
the posterior expected improvement given the data ang,,

l.e.,
EA{L(®e,7,) | YT, Y57, } (1)



S3: Choose theenvironmental variablex; ,  , corresponding
tox!, , to minimize the posterior MSPE given the data
and~, , i.e.,

L 2
L { [MF+1(wZ,n+1) —M1(wi,n+1)} Y, Y5, n}

Here]\/i{‘“(-) IS the posterior mean af/, (-), based on the
data

Sn U {E(wi,n—kl? 2136), }/Q(mz,n—kl? Cl?‘e)}

so that the expectation above is a functioncof



. If the stopping criterionis not met , set

Sn+1 — S'n U {(wi,nJrlv wi,nﬂ)} )

calculatey: (.., 11, ¢ 1) ANAY2(Ty 415 T i)
incrementr to (n + 1), and go taSL.

If the criterion ismet estimate the global minimizer to be
the minimizer of the EBLUP of\/,(-) subject to the
EBLUP of M,(-) satisfying the constraint



| mplementation Details and Choices

e Step SO Space-filling designs maximin LHDs or, perhaps
better, maximin orthogonal array LHDs work well (initial
sample sizer? 5/input dimension?)

e Step S1 Assuming the noninformative prior distribution,

1
[/877_2] X —,
1 7_12

(YT, Y5) givenvy has a multivariate-distribution. So
¥, = argmaxy| x [YT, Y 5[]

(there are other options to estimatg



e Step S2 (Calculating the Posterior Expected Improvement).
letZ! = (M7,Y!,Y5) where

My = (M (x,),..., Mi(x!,,)) is the vector ofM/; (-) values
evaluated orb¢. Then we observe

E{l(x) | YT, Y5, v} = Enp yrypy 1 E{n(x) | 22,7} )

The inner expectation can be calculated explicitly because
(M (x.), Ma(x.))| Z7, ] is a shifted, bivariate which gives
the formula forE { I,,(x.) | Z",~ }

\/T/l\%cRc,ll X [U1T2,?(U1,U273N—k)

Uy — 70U\ . U 10,

where all the terms are well-defined.




e S2 (continued) The outer expectation is calculated by

Monte-Carlo draws fromM 7Y | Y7, Y5, ~|. (The number of

draws-our experience, at least 1,000 MC samples)

Typical Expected Improvement Surface
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e Step S3 There is a closed-form expression for posterior
MSPE which can minimized to obtaity ,, 1

o Step S4 We stop only when both a movingverage and a
moving range of the expected improvements become “small”

e Standardizing Output We always centery;(-) andys(-);
based on our computational experience, we recommend that
users also divide each of the centere@) andy-(-) values by
their sample standard deviatios (standardization™)



V. An Example

e Sixinputs with x. = (z1,72) € [—5,10] x [0, 15] and
x, = (13,24, 15, 76) € [0,1]*, uniform X distribution on 81
support points

e Objective Function pi(xy,x2) = Er{yi(x., X.)}




e 111(+) ranges from 1.5 to 2000

e Threeglobal mimima
py(m,2.275) = py(3m,2.475) = pq(—m, 12.275) = 1.52680
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e Constraint Function ps(xy,x9) = Er{ys(x., X.)} (not
shown) is based on sand¢, distribution as for (x.., x.)

1. po(—m,12.275) = —307.2373, ua(m, 2.275) = —201.3822,
and s (3, 2.475) = —104.8448,

2. If X = (X4,...,Xg) has independent uniformly
distributed components, then Qgr(X ), y»(X)) ~ —0.51
which suggests that/ | PER based onr-arbitrary model
may work better thanv/| PER or other optimization
algorithms that assume= 0 (independent models)

e Takingus(zy, r9) < =250 = x; = (—m, 12.2750) is the
constrained minimizer of (x1, x2)



e Some summary results fov¥l PER runs with implementation
choices{r = 0, r arbitrary} x {sequential, fixeH

Algorithm T To 71— alrue gy — gplrue

VIPER /BIV/45—70 | —3.1400 12.2342 2.6100E—6 1.6660E—3
( One-stage )/BIV/70 | —3.1639 10.4076 4.9786E—4 3.4873

VIPER /IND/45—70 | —3.1489 12.3804 5.3652E—5 1.1109E—2
( One-stage/IND)/70 | —2.9466 10.2731 3.8016E—2 4.0078
Truth 3.1416  12.275

e Sequential design (4570) dominates the fixed design that
takes 70 observations according to a MmLHD

e VIPER with the bivariate model/predictor has a slight, but
measurable advantage, ov€i PER with independent
objective and constraint function predictors



V. Discussion and Take Home Points

e VIPER Iis a useful tool for contrained optimization when
observations arexpensive to compute

e VIPER extends the idea obxpected improvement
Introduced in Schonlau (1997)

e VIPER can have measureable improvement in findifig
over the independent, fixed design of Jones, Schonlau, and
Welch (1998)

e VIPER can also be used to optimize means of outputs that
are measured with error

e VIPER can be used when different environmental variable
distributions apply to the objective and constraint funics



e VIPER uses traditional minimization methods, appropriate
for rapidly computed functions

— to maximize the REML (to estimate)

— to maximize the posterior expected improvement (to
computez,.,, 1)

— to minimize the MSPE (to compute. ,, 1)

Starting points for each optimization were a 200 point MmLHD
In parameter space with the best 5 points selected as thieagtar
points for Nelder-Mead simplex iterations followed by a
Quasi-Newton iteration.



Extensions

. The environmental variable distribution may be only
partially known . This suggests that aobust (set of)
control variable be selected

. Feasible regions witlhmultiple (> 2) constraints?

. Find the Pareto frontier of thex.-space for the multiple
objective functions.

. There are numerouslternative ways of choosing xe ,, 1 -
Any selection ofzr. 41 that is space—filling in a
neighborhood ofc. ,, .1 may be reasonable (and easier to
Implement than the MSPE-minimization method of
StepH)



4. The(Wy(-), W5(+)) model does not allow for the possibility
that the strongest correlation occur betwagrandx, that
shifted by an unknown spatial parameter. One simple model
to accomodate such a possibility is to take
Wy(x) = rWi(x — A) + Ws(x) whereA is a spatial shift
parameter. The modified mo
Ris(xy — x5) = 7Ry (1 — X2 + A)/\f, so the
dependence betweé, (x;) andW,(x,) is strongest when
T — Ty = —A.

M




