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going back to Merton (1971).

• Portfolio problem when asset returns are generated by processes other

than Brownian motion, such as stable processes or more general Lévy

processes: see Han and Rachev (2000), Kallsen (2000), Choulli and

Hurd (2001), Emmer and Kluppelberg (2004), Madan (2004).
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• With jumps, the portfolio choice problem does not have a closed-form

solution.

• So the existing papers have usually solved numerically the problem

with a single risky asset (e.g., Liu, Longstaff and Pan (2003), Das and

Uppal (2004)).
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• The model

• Explicit solutions

– A one sector economy

– An economy with m sectors consisting of k firms each

– A misspecified problem where jumps are mistakenly lumped to-

gether with Brownian volatility.

• Example: worldwide asset allocation
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• σ is assumed to be nonsingular.
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• Let π0,t denote the amount invested in the riskless asset and πt =[
π1,t, . . . , πn,t

]′
denote the vector of amounts invested in each of the

n risky assets.

• In the absence of any other source of income, the investor’s wealth,
starting with the initial endowment X0, is Xt =

∑n
i=0 πi,t.

• The investor’s wealth dynamics are given by

dXt = π0,t
dS0,t

S0,t−
+

n∑
i=1

πi,t
dSi,t

Si,t−

=
(
Xt − π′t1

)
rdt +

n∑
i=1

πi,t
dSi,t

Si,t−
.
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• The discounted wealth dynamics are given by

dYt = ω′tRdt + ω′tσdWt + ω′tJZtdNt.
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• The investor’s problem at time t is to pick the portfolio vector process

{ωs}t≤s≤T which maximizes the expected utility of terminal wealth,

V (Yt, t) , subject to the dynamics of his discounted wealth.

• Using stochastic dynamic programming and the appropriate form of

Itô’s lemma for semi-martingale processes, the Hamilton-Jacobi-Bellman

equation characterizing the optimal solution to the investor’s problem

is:

0 =
∂V (Yt, t)

∂t
+ max
{ωt}

{
∂V (Yt, t)

∂Y
ω′tR +

1

2

∂2V (Yt, t)

∂Y 2
ω′tΣωt

+ λ
∫ [

V
(
Yt + ω′tJz, t

)
− V (Yt, t)

]
ν (dz)

}
.

where Σ = σσ′.
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with CARA coefficient γ > 0.

• We can look for a solution in the form

V (y, t) = −eK(T−t)e−γy

where K is constant. In which case, the HJB equation becomes

0 = −K + min
{ωt}

{g(ωt)} .
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g(ω) = −γω′R +
1

2
γ2ω′Σω + λ

∫ ∞
0

[
e−γω′Jz − 1

]
v (dz) ,

is time independent, strictly convex, goes to +∞ in all directions,

and hence always has a unique time independent minimizer which is

proportional to γ−1:

ω∗ = arg min
{ωt}

g(ωt).

• The issue is that with n assets, this is an n−dimensional equation to

be minimized.



• In the pure diffusive case, λ = 0 and we obtain of course the familiar

solution

ω∗ =
1

γ
Σ−1R.

• So far, this is pretty much standard material.
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3.1. Homogeneous Assets

• To begin, we consider the simplest possible case, where the n risky
assets have the same jump size and expected excess return character-
istics

J = J̄1 and R = R̄1

with J̄ and R̄ scalars.

• To fix ideas, let us assume that J̄ < 0 in order to capture the downward
risk inherent in the types of jumps we are concerned about.
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• The key to characterizing the optimal portfolio solution in this simple

situation is to decompose both Σ and ω on a well chosen basis, con-

sisting in this case of the n−vector 1 and its orthogonal hyperplane.
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Σ̄

+ κ2

(
I−

1

n
11′

)
︸ ︷︷ ︸

Σ⊥

where I denotes the n× n identity matrix.

• The two distinct eigenvalues of Σ are

κ1 = v2 + v2 (n− 1) ρ

κ2 = v2 (1− ρ)

• κ1 has multiplicity 1 and eigenvector 1 and κ2 has multiplicity n− 1.
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}
where

g⊥(ω⊥) =
1

2
γ2ω⊥′κ2

(
I−

1

n
11′

)
ω⊥

ḡ(ω̄) = −γnω̄R̄ +
1

2
γ2n2ω̄2κ1

1

n

+ λ
∫ ∞
0

(
e−γnω̄J̄z − 1

)
v (dz) .

• The optimal solution for ω⊥ in this case is obviously ω⊥∗ = 0.



• Key: there are n assets, but the only unknown is the scalar ω̄.



• Key: there are n assets, but the only unknown is the scalar ω̄.

• With the change of variable $n = nω̄, we see that

$∗
n = arg min

{$}

{
−γ$R̄ +

1

2
γ$2κ1/n + λ

∫ ∞
0

[
e−γ$J̄z − 1

]
v (dz)

}
.



• Key: there are n assets, but the only unknown is the scalar ω̄.

• With the change of variable $n = nω̄, we see that

$∗
n = arg min

{$}

{
−γ$R̄ +

1

2
γ$2κ1/n + λ

∫ ∞
0

[
e−γ$J̄z − 1

]
v (dz)

}
.

• Letting n →∞, we have that κ1/n → v2ρ and so $∗
n → $∗

∞ where

$∗
∞ = arg min

{$}

{
−γ$R̄ +

1

2
γ2$2v2ρ + λ

∫ ∞
0

[
e−γ$J̄z − 1

]
v (dz)

}
.



ϖ

*
∞ϖ*

nϖ

 ( )*
∞∞ ϖf

( )*
nnf ϖ

• The optimal portfolio choice is characterized by

ω∗ = ω̄∗1 = $∗
n1/n
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• The situation changes when we allow the n risky assets to have dif-

ferent expected excess returns while retaining the homogeneous effect

of jumps.

• Decomposing on the same basis as above, let

R = R̄1 + R⊥

with R⊥′R⊥ = O(n), while J⊥ = 0, so that J = J̄1.
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• The solution is

ω⊥∗ =
1

γv2 (1− ρ)
R⊥



• The optimal portfolio solution, as above, can be decomposed as ω =

ω̄1 + ω⊥ so that the optimization problem for ω again separates into

g⊥(ω⊥) and ḡ(ω̄).
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• The optimal portfolio solution, as above, can be decomposed as ω =

ω̄1 + ω⊥ so that the optimization problem for ω again separates into

g⊥(ω⊥) and ḡ(ω̄).

• The solution is

ω⊥∗ =
1

γv2 (1− ρ)
R⊥

• Since ḡ is unaffected by the presence of R⊥, the optimal solution for

ω̄ is identical to that given above, namely ω̄∗ = $∗
n/n.

• As before, in the limit where the number of assets n → ∞, we have

$∗
n → $∗

∞.
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n →∞.

– This means that R⊥ leads the investor to place a linearly increasing

amount of wealth in the risky assets as the number of assets n

grows

– This leads to increasing expected returns b and variance c.

– On the other hand, the exposure to contagion jumps remains

bounded, and is dwarfed by the exposure to diffusive risk.

– Indeed, the additional investments in the risky assets due to the

presence of R⊥ are entirely in the direction of ω⊥, which is orthog-

onal to J.



• Here, since R⊥′R⊥ = O(n) and κ1 = O(n) while κ2 = O(1), we

have that b and c are O(n), while the Lévy measure remains O(1) as
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presence of R⊥ are entirely in the direction of ω⊥, which is orthog-

onal to J.
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• The solution is such that $∗
∞ → −∞ as λ →∞.

• So the investor will go infinitely short on all the risky assets if the

arrival rate of the jumps goes to infinity.

• This is to be expected, since J̄ < 0.

• So when the perception of the jump risk increases (λ ↑), this gives rise

to a “flight to quality”

• Because the investor dumps all the risky assets and goes long on the

riskless asset.
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4. Optimal Portfolio in the Presence of Jumps in

a Multi–Sector Economy

• Consider now an economy composed of m sectors (or regions of the

world), each containing k firms (or countries).

• The total number of assets available to the investor is n = mk.

• We are interested in the situation where m is fixed and k goes to

infinity with n.



4.1. No Cross–Sectorial Diffusive Correlation



4.1. No Cross–Sectorial Diffusive Correlation

• We start with the situation where the diffusive risk generates correlated

returns within sectors, but not across sectors.



4.1. No Cross–Sectorial Diffusive Correlation

• We start with the situation where the diffusive risk generates correlated

returns within sectors, but not across sectors.

• So the only source of cross-sectorial correlation is due to the jumps,

and

Σ
n×n

=

 Σ1 0 · · ·
0 . . . 0
· · · 0 Σm


is a block diagonal matrix with blocks

Σl
k×k

= v2
l

 1 ρl · · ·
ρl

. . . ρl
· · · ρl 1





4.1. No Cross–Sectorial Diffusive Correlation

• We start with the situation where the diffusive risk generates correlated

returns within sectors, but not across sectors.

• So the only source of cross-sectorial correlation is due to the jumps,

and

Σ
n×n

=

 Σ1 0 · · ·
0 . . . 0
· · · 0 Σm


is a block diagonal matrix with blocks

Σl
k×k

= v2
l

 1 ρl · · ·
ρl

. . . ρl
· · · ρl 1





• Here v2
l > 0 is the variance of returns due to the diffusive shocks in

the l−sector and 1 > ρl > 0 is their correlation.



• Here v2
l > 0 is the variance of returns due to the diffusive shocks in

the l−sector and 1 > ρl > 0 is their correlation.

• The spectral decomposition of the Σ matrix is

Σ =
m∑

l=1

κ1l
1

k
1l1

′
l +

m∑
l=1

κ2l

(
Fl−

1

k
1l1

′
l

)
= Σ̄ + Σ⊥

where

κ1l = v2
l + v2

l (k − 1) ρl

κ2l = v2
l (1− ρl)

are the 2m distinct eigenvalues of Σ.



• Here v2
l > 0 is the variance of returns due to the diffusive shocks in

the l−sector and 1 > ρl > 0 is their correlation.

• The spectral decomposition of the Σ matrix is

Σ =
m∑

l=1

κ1l
1

k
1l1

′
l +

m∑
l=1

κ2l

(
Fl−

1

k
1l1

′
l

)
= Σ̄ + Σ⊥

where

κ1l = v2
l + v2

l (k − 1) ρl

κ2l = v2
l (1− ρl)

are the 2m distinct eigenvalues of Σ.



• The multiplicity of each κ1l is 1, and the multiplicity of each κ2l is

k − 1. The eigenvector for κ1l is 1l, the n−vector with ones placed

in the rows corresponding to the l−block and zeros everywhere else,

that is

1l = [0, . . . , 0, 1, . . . , 1︸ ︷︷ ︸
sector l

, 0, . . . , 0]′



• The multiplicity of each κ1l is 1, and the multiplicity of each κ2l is

k − 1. The eigenvector for κ1l is 1l, the n−vector with ones placed

in the rows corresponding to the l−block and zeros everywhere else,

that is
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sector l

, 0, . . . , 0]′

• Corresponding to the above spectral structure, we have the orthogonal

decomposition Rn = V̄ ⊕ V ⊥ where V̄ is the span of {κ1l}l=1,..,m.
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• As for the jump vector J in our m–sector economy, we assume that
J ∈ V̄ :

J =
m∑

l=1

jl1l = [j1, . . . , j1︸ ︷︷ ︸
sector 1

, j2, . . . , j2︸ ︷︷ ︸
sector 2

, . . . , jm, . . . , jm︸ ︷︷ ︸
sector m

]′

meaning that firms within a given sector have the same response to
the arrival of a Poisson jump, i.e., to a change in Nt.

• But the proportional response of firms of different sectors to the arrival
of a jump can be different.

• Finally, we assume that the vector of expected excess returns has the
form

R =
m∑

l=1

rl1l + R⊥ = R̄ + R⊥.
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• Here, we allow the expected excess returns to differ both within and

across sectors, by allowing R⊥ 6= 0 .

• With this structure, we will be looking for a vector of optimal portfolio

weights of the form Ω =
∑m

l=1 ωl1l + ω⊥ = ω̄ + ω⊥.

• The optimization problem again separates as
(
ω⊥∗, ω̄∗

)
.

• The optimal solution for ω⊥∗ has components

ω⊥∗l =
1

γκ2l
R⊥

l .



• The optimal solution for ω̄, with the change of variable $n = kω̄

satisfies

$∗
n = arg min

{$}

−γ
m∑

l=1

$lrl +
1

2
γ2

m∑
l=1

$2
l κ1l/k

+ λ
∫ ∞
0

[
e−γz

∑m
l=1 $ljl − 1

]
v (dz)

}

• Letting k →∞, we get $∗
n → $∗

∞.

nf

1ϖ
 2ϖ



• With R⊥′
l R⊥

l = O(k), the optimal portfolio can achieve expected

gains at the expense of variance which both grow approximately lin-

early with k

• While keeping the exposure to jumps bounded becausethe increasing

fraction of assets is allocated to the component of the expected returns

that lies in the subspace orthogonal to the vectors 1l.
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• The m-dimensional minimization of ḡ(ω̄) has the same n-dependence

as before.

• With the change of variable $n = kω̄ we see that the minimizer

$∗
n = arg min{$} ḡ($/k) will have the limit $∗

n → $∗
∞ as k →∞.



• With R⊥′
l R⊥

l = O(k), the optimal portfolio can achieve expected

gains at the expense of variance which both grow approximately lin-

early with k

• While keeping the exposure to jumps bounded becausethe increasing

fraction of assets is allocated to the subspace orthogonal to the vectors

1l.
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• Now the investor thinks that ωNJ∗
t has to satisfy:

ωNJ∗ = arg min
{ωNJ}

g(ωNJ)

where

g(ωNJ) = −γ
(
ωNJ

)′
R̂ +

1

2
γ2
(
ωNJ

)′
Σ̂ωNJ
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where
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• The optimal solution for ω⊥ in this case is
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• For small $NJ∗
∞ , we have

$∗
∞ < $NJ∗

∞ .

– Thus an investor who recognizes the presence of jumps will leave

larger amounts in the riskless asset that one who simply adjusts his

returns vector and variance-covariance matrix.

– This is a higher moment effect.
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• We allow the diffusive risk to generate correlated returns within regions

(ρ) as well as across regions (ρ0).

• We assume that Z is distributed on [0, 1] according to a uniform dis-

tribution.

• Parameter values (annualized): r = 0.06, ρ = 0.5, ρ0 = 0.3, v = 0.3,

γ = 2.
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• It is straightforward to compute the investor’s optimal portfolio, ω∗.
In addition, we calculate the optimal portfolio ωNJ∗ of the investor

who ignores jumps and assumes returns are given by Brownian motions

only.

• ω⊥∗ captures only diversification within regions:
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• ω̄∗ =
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)
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7. Extensions, Limitations and Conclusions

• We propose a simple and parsimonious model of asset returns to cap-

ture both Brownian and jump risks.

• By decomposing the two types of risks on a well-chosen basis, we

provide a new methodology for determining the optimal solution in

closed form, up to a constant.
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• More General Cross–Sectorial Correlation Structures

• More General Jump Vectors

• Power and Other Utility Specifications

• Larger Number of Contagion Jump Factors

• Portfolio Constraints


