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1 In tro duction

� Realisedquantities & irregularlyspaceddata
� Realisedautocorrelation
� Market frictionsandkernels
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2 Bro wnian semimartingale

Work with univariate(BSM )

Yt =
∫ t

0

audu +
∫ t

0

� u−dWu

a is predictable,� is c�adl�agvolatility processandW is BM.

Quadraticvariation(QV) processof Y is (EX-POST)

[Y]t = p� lim
n→∞

tj ≤t∑

j=1

(
Ytj � Ytj � 1

)2
; (1)

for 0 = t0 < t1 < ::: < tn = T with supjf tj+1 � tjg ! 0 for n ! 1 .
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In Y 2 BSM then

[Y]t =
∫ t

0

� 2
udu:

The realisedQV estimator

[Yδ]t =
bt/δc∑

j=1

(
Yjδ � Y(j−1)δ

)2
;

De�ne the daily QV

Vi = [Y]i � [Y ](i−1) ; i = 1; 2; :::

estimatedby the realiseddaily QV

V̂i = [Yδ]i � [Yδ](i−1) ; i = 1; 2; :::.

V̂i is calledthe realisedvariance,squareroot is its realisedvolatility in
�nance.
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Realisedvolatility hasa longhistory. It appearsin Rosenberg(1972),
Merton (1980),Schwert (1989)and Schwert (1998). Of course,in
probability theoryQV wasdiscussedasearlyasWiener(1924).Closer
connectionbetweenrealisedQV andQV, and its usefor econometric
purposes,wasmadein Comte and Renault(1998),Barndor�-Nielsen
and Shephard(2001)and Andersen,Bollerslev,Diebold, and Labys
(2001).

Substantial literatureonwriting derivativesonrealisedvolatility. Neu-
berger(1990),Carr and Madan(1998),Demeter�, Derman,Kamal,
andZou(1999),Carr andLewis(2004).BrockhausandLong(1999),
Javaheri, Wilmott, and Haug(2002),Howison,Rafailidis,and Ras-
mussen(2004),Carr, Geman,Madan,and Yor (2005),Carr and Lee
(2003).Seealsothe overviewof BrangerandSchlag(2005).
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CLT for [Yδ]t was developed in a seriesof papers by Jacod (1994),
Jacod andProtter (1998),Barndor�-NielsenandShephard(2002).

� −1/2 ([Yδ]t � [Y ]t)
L! M N

(
0; 2
∫ t

0

� 4
udu
)

; (2)

whereM N denotesa mixedGaussiandistribution. Barndor�-Nielsen
and Shephard(2002)named

∫ t

0 � 4
udu integrated quarticity. Can be

consistently estimatedusing(1=3)f Yδg
[4]
t whererealisedquarticity

[Yδ]
[4]
t = � −1

bt/δc∑

j=1

(
Yjδ � Y(j−1)δ

)4
: (3)

� −1/2 (log[Yδ]t � log[Y]t)√
2
3

[Yδ]
[4]
t

([Yδ]t)
2

L! N (0; 1): (4)

6



10minute returns,DM/US andYen/Dollar
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Yt =
∫ t

0

audu +
∫ t

0

� u−dWu +
Nt∑

j=1

Cj

[Y ]t =
∫ t

0

� 2
udu +

Nt∑

j=1

C2
j :

Realisedbipower

{
Y l

δ

}
t
=

bt/δc∑

j=1

∣∣∣Y l
δ(j−1) � Y l

δ(j−2)

∣∣∣
∣∣∣Y l

δj � Y l
δ(j−1)

∣∣∣ ;

in generalis robustto jumps

� −2
1 f Yδgt

p
!
∫ t

0

� 2
udu:
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Barndor�-Nielsen,Graversen,Jacod, andShephard(2005)underY 2
BSM

� −1/2

(
� −2

1 f Yδgt �
∫ t

0

� 2
udu
)

L! M N
(

0; (2 + #)
∫ t

0

� 4
udu
)

:

Alsowork of Mancini(2004)in this context | usesa shrinkingthresh-
oldonsquaredreturns.Moree�cient | but how to choosethethresh-
old? A•�t-SahaliaandJacod (2005)have additionalinsights on that.
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What to do whenwe have irregularlyspaceddata?

Spacingis endogenousin econometrics!

MyklandandZhang(2005)on realisedQV, but assumeindependence
of spacingandY. SeeHIGHLY likely that their theorywill goin more
generalcontext, but the proof of this is not easy. What about other
multipower variations,realisedrange?

We following a straightforward approach, which must be well known!
We do not claimoriginality, but we like the results!
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3 Irregularly spaced data

Think of irregularlyspaceddata as regularlyspaceddata on a new
process,for � > 0,

X δj = YT� j = (Y � T)δj ;

whereT is a time-change(non-decreasinglyprocess,T0 = 0). Needto
be clearlyabout the informationsetshere

(Y � T; T)

adaptedto F . Assumethat T is absolutelycontinuous

Tt =
∫ t

0

� 2
udu;

where� is c�adl�ag.
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What processdoes

X = (Y � T) ;

follow? Canshow X 2 BSM . The important point is that the spot
volatility of X is

� Tt � t:

In particular

[X ]t = ([Y ] � T)t =
∫ Tt

0

� 2
udu:
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Example:De�ne the realisedQV

[X δ]t =
bt/δc∑

j=1

(
X δj � X δ(j−1)

)2
=

bt/δc∑

j=1

(
(Y � T)δj � (Y � T)δ(j−1)

)2

= [YT ]t:

Think of T1 = 1, then the Jacod (1994),Jacod and Protter (1998),
Barndor�-NielsenandShephard(2002)CLT canbe usedto produce

� −1/2 ([YT ]1 � [Y ]1)
L! M N

(
0; 2
∫ 1

0

� 4
Tu

� 4
udu
)

;

while(seealsoBarndor�-NielsenandShephard(2005))

[YT ]1 � [Y ]1√
2
3

∑b1/δc
j=1

(
(Y � T)δj � (Y � T)δ(j−1)

)4

L! N (0; 1):
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Example: Barndor�-Nielsenand Shephard(2004) and Barndor�-
Nielsen,Graversen,Jacod, and Shephard(2005)CLT can be used
to produce

� −1/2
(

� −2
1 f YTg[1,1]

t � [Y ]1
)

L! M N
(

0; (2 + #)
∫ 1

0

� 4
Tu

� 4
udu
)

;

where# ' 0:6. Canbeusedto test for jumpsusingirregularlyspaced
data.
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3.1 Realised auto covariance

SupposeY 2 BSM andde�ne, for h = 0; 1; 2; :::;H:

̃ h(Yδ)t =
bt/δc∑

j=1

(
Yδj � Yδ(j−1)

) (
Yδ(j−h) � Yδ(j−h−1)

)
:

Such processesaretraded!As � # 0 so

� −1/2




[Yδ]t �
∫ t

0 � 2
udu

̃ 1(Yδ)
...

̃ H(Yδ)




L! M N


0;




2 0 � � � 0
0 1 � � � 0
... ... ... ...
0 0 � � � 1



∫ t

0

� 4
udu


 :

(5)
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A consequenceof the theoremis that as� # 0 the sampleautocorrela-
tionshave

� −1/2




̃ 1(Yδ)t=[Yδ]t
...

̃ H(Yδ)t=[Yδ]t


 L! M N


0; I

∫ t

0 � 4
udu

(∫ t

0 � 2
udu
)2


 ; (6)

which di�ers fromtheresultofBartlett (1946),inating theusualstan-
darderrorsaswell asmakinginferencemultivariatemixedGaussian.
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3.2 Kernel

De�ne

̃ (Yδ) = ([Yδ]t; 2̃ 1(Yδ); 2̃ 2(Yδ); :::; 2̃ H(Yδ))
′ :

then the kernelis

K̃ w(Yδ)t = w′̃ (Yδ); (7)

wherethe weights w = (w0; w1; :::;wH)′ arenon-stochastic.

Oftenusedin statisticsandeconometricsaslong-runvarianceestima-
tors. Such approachesgoesback to at leastMauriceBartlett.

Herethe interestis in dealingwith the e�ect of market frictions.Start
by studyingwhenthereareno frictions!
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It is clearthat the CLT for a generalkernelwhenY 2 BSM is

(K H � )−1/2

(
K̃ w(Yδ)t � w0

∫ t

0

� 2
udu
)

L! M N
(

0;
∫ t

0

� 4
udu
)

; (8)

where

K H = 2

(
w2

0 + 2
H∑

h=1

w2
h

)
:

Whenmultipliedby integratedquarticity K H revealsthescaledasymp-
totic varianceof K̃ w(Yδ)t.
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Zhou (1996)suggestedestimating[Y ] by usinga kernelwith w0 =
w1 = 1 andwh = 0 for h > 1. In that case

� −1/2

(
[Yδ]t + 2̃ 1(Yδ)t �

∫ t

0

� 2
udu
)

L! M N
(

0; 6
∫ t

0

� 4
udu
)

:

Hencethe inclusionof a singlelag increasesthe asymptoticvariance
by a factorof three.
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Anotherimportant exampleiswherew followsBartlett (1950)weights.
Thesewerehighlightedin econometricsby theworkofNeweyandWest
(1987).It sets

w0 = 1 and wh = (H + 1� h) =(H + 1); h = 1; 2; ::::

WhenH = 1 then w1 = 1=2 and K H = 3, while whenH = 2 then
w1 = 2=3, w2 = 1=3 andK H = 4+ 2=9. For moderatelylargeH then
K H ' 4(H + 1)=3. This meansthat H cannotbe sent o� to in�nit y
without regardto the rate at which � # 0. In particularwe needthat
K H � = o(1), which meansthat

H � = o(1):
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4 Mark et frictions/�ctions

Thesemimartingalemodel is a �ction: i.e. thereis nosuch thing as\a
price." Transationsdata, bestbid/ask. Indeedfor many markets the
wholeorderbook is available.

Theimpactof frictionsonrealisedQV isreviewedin HansenandLunde
(2006).Observe X , want Y

X = Y + U:

In USmarketsimpactof frictionshasfallendramaticallyin recent years
dueto decimalisation,etc. On a thickly tradedstock the following is
a good guide.
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X = Y + U:

� If � is 10-30minute returns,above limit theoryis a good guideto
�nite samplebehaviour, i.e. U ignorable.

� if � is (1; 10)minutes,thenfrictionswill haveimpact,but Y ?? U
� if � < 1 minute. Very complicateddynamics| market mi-

crostructureeconometrics.
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Research problem.UsingY ?? U, exploitdataup to 1minutereturns.

U causesbias,quanti�ed by a number of authors,seethe survey by
HansenandLunde(2006).

Changethe estimatorof [Y ] from [X ]. e.g.subsamplerintroducedby
Zhou(1996)andstudiedfor Y 2 BSM by Zhang,Mykland,andA•�t-
Sahalia(2005),Zhang(2004)and A•�t-Sahalia,Mykland, and Zhang
(2005),alsopoint processapproach of Large(2005).

Herewe studykernels.

23



De�ne, for h = 0; 1; 2; :::;H;

̃ h(Yδ; Uδ)t =
n∑

j=1

(
Yδj � Yδ(j−1)

) (
Uδ(j−h) � Uδ(j−h−1)

)
;

then

K̃ w(X δ) = K̃ w(Yδ) + K̃ w(Uδ) + 2K̃ w(Yδ; Uδ);

where

K̃ w(Yδ; Uδ) = w′̃ (Yδ; Uδ)

and

̃ (Yδ; Uδ) =
(

̃ 0(Yδ; Uδ); ̃ 1(Yδ; Uδ) + ̃ 1(Uδ; Yδ); :::
̃ H(Yδ; Uδ) + ̃ H(Uδ; Yδ)

)
:
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Tostudyothertermsweassumestrongconditionsto seetheprinciples.

� Y ?? U
� Zeromean,Uδj areindependent over j (white noisein tick time).

Var(Uδj) = ! 2; Var(U2
δj) = � 2! 4:

Implies

E
[
K̃ w(Yδ; Uδ)

]
= 0

n = � −1
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Then

Ef ̃ (Uδ)g = 2! 2n (1; � 1; 0; :::; 0)′ ;

sokernelis unbiasedi�

w0 = � w1

while

Cov f ̃ (Uδ)g = 4! 4 (nA + D) : (9)

Herethe (H + 1) � (H + 1) matrices

A =
(

A11 A12

A21 A22

)
; D =

(
D11 D12

D21 D22

)
;
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wherethe (H � 1) � (H � 1) and2 � (H � 1) dimensionalmatrices

A22 =




6 � � � �
� 4 6 � � �
1 � 4 6 � �
0 1 � 4 6 �
... ... ... ... ...




; A12 =
(

1 0 0 � � � 0
� 4 1 0 � � � 0

)
;

A21 = A ′
12 and

D22 =




� 2 � � � �
2 � 2 � � �

� 1 2 � 2 � �
0 � 1 2 � 2 �
... ... ... ... . ..




; D12 =
(

� 1 0 0 � � � 0
2 � 1 0 � � � 0

)
;

27



whereD21 = D ′
12. The 2 � 2 matricesA11 andD11 are

A11 =
(

1+ � 2 �
� 2 � � 2 5+ � 2

)
and D11 =

(
� � 2=2 �

1+ � 2=2 � 2

)
:

Canchoosew to minimisethis, it is not inuencedby ! 2:

IgnoreD then choosew to minimisevarianceof kernel. Can drive
varianceto zerolike

' c! 4n=H3;

by selectingweights

' 1 � 3
(

i
H

)2

+ 2
(

i
H

)3

;

which is like the Zhang(2004)subsampler.Optimal rate of conver-
gencen−1/4.
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End conditionsD have impactthough.

Can show that the minimum varianceof unbiasedK̃ w(Uδ) is 4! 4� 2,
sokernelclassis inconsistent unless� 2 = Var(U2

δj) = 0.

Of coursein practice! 2 is very small,sothis varianceis tiny!
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As n ! 1 sothe crossterms

̃ L! M N
(
0; 2! 2[Y ]B

)
;

where

B =




1 � � � �
� 1 2 � � �
0 � 1 2 � �
... ... ... ... �
0 � � � 0 � 1 2




:

Minimisedby Bartlett kernel| which is closeto theZhang,Mykland,
andA•�t-Sahalia(2005)subsampler.Poor rate of convergencen−1/4.
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5 Conclusions

Market frictionsarecomplicatedunder1 minute.

Their impacthasdramtically fallenin recent years.

Ghyselsand Sinko (2005)have shown that theserobustmeasuresdo
not, in any case,really improve our ability to forecastvolatility.

This suggestsonemight be negative about this newstreamof work.

Multivariatecaseis important though,e.g.Eppse�ects. Soalthough
the methodsdevelopedhereareunivariate,their payo� will be in the
multivariatecase.
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