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Overview

1. Statistical Physics in the DenseDisordered Regime:
Models, Expansions,Approximations

2. The GlassTransition in the Hard-Sphere(Colloidal) System

3. Extensions: Hard-SphereMixture, Hard Ellipsoids, Square-Well System

4. Granular Analogues
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Micr oscopicApproach:Corr elation Functions

A System of N particles driven by a Hamiltonian H de�nes somedynamical
variables, e.g., particles density, � (~r ; t) =

P N
i � (~r � ~r i (t)) or � q(t) =

P N
i ei~q~r i ,

with the evolution @t � (t) = fH ; � (t)gP oisson . Fluctuations, � � (t) = � (t) � h� i ,
are expressedin terms of (density-)correlation functions

� �� (q; t) = h� � q(t)� � � q(0)i or � q(t) = � �� (q; t)=Sq

after intro ducing the static structure factor, Sq = h� � q(0)� � � q(0)i , the Fourier
transform of the pair-distribution function g(r ).

long-time limit f := � (t ! 1 ), f = 0 ergodic/
uid , f > 0 non-ergodic/glass

Well { write down the equation of motion for � q(t) and solve it.
Then comparewith scattering experiments and computer simulation.
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A Physically Moti vatedApproximation (Bengtzeliusetal 1984)

L.D. Landau: There is no theory for a conventional liquid, since there is
no small parameter!
Indeed, we get an (exact) integro-di�eren tial equation,
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 2
q

@2
t � q(t) + � q @t � q(t) + � q(t) +

Rt
0 mq(t � t0) @t 0� q(t0) dt0 = 0; � q = � q=
 2

q,

where m(t) is now hiding all the complications.

mq(t) is the correlator for 
uctuating forces,
forcesoriginate from cage formed by other particles,
cage-dynamicsis given by density-
uctuations,

mq(t) given by � q(t), mq(t) = Fq [V; � k (t)]

mq(t) is a polynomial in � q(t) with coe�cien ts V .

Such approximation is uncontrolled and needsto be justi�ed a posteriori.
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Mode-Coupling Theory for Ideal GlassTransitions (MCT)
Fq[V ; � k (t)] =

X

~k+ ~p= ~q

Vq;k p � k (t)� p(t); Vq;k p = � SqSkSpf ~q � [~k ck + ~pcp]g2=q4;

Static structure asinput, Sq = 1=(1� � cq) = Sq(� ; T; : : : ), dependson external
control parameters.

Long-time limit
f q

1� f q
= Fq[V ; f k ]

has singularities equivalent
to the roots of polynomials. 0.25 0.5 f
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Smooth changesin control parameters causediscontinuous behavior of long-
time dynamics. One �nds a glass-transition singularity at V c with f = f c > 0.
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GlassTransition in the Hard-SphereSystem(HSS)
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Glasstransition at ' c = 0:52(exp: ' c = 0:58). Arrest of densitiesimplies arrest
of forcesand is accompaniedby a �nite yield stress.Length scaleof particle
diameter dominates transition (more pronouncedfor forces).
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Dynamicsat the Hard-SphereGlassTransition
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two-step processaround a pla-
teau for correlator and mean-
squareddisplacement;
asymptotic power laws:
t � a and tb;
consistent with experiments in
colloidal suspensions (e.g. van
Megen1995)
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Binary Mixtur esof (Colloidal) Hard Spheres
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Binary Mixtur eof Granular Hard Spheres

steel bearing balls
! random loosepacking
(Lemaignan 1980)
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relative increasein packing fraction:
granular random-loosepacking (4 ),
MCT-result (+) (G•otze/Voigtmann 2003)
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Hard Ellipsoids
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relative and absolute increasein packing fraction:
granular simulation (Donev et. al 2004) and MCT
result (Latz et. al 2002/ Chong/G•otze 2002)
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GlassTransitions in Systemswith Short-RangedAttraction
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packing fraction ' = �d 3� =6,
attraction strength � ,
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glass-glasstransition for � < � � ,
� � 0:05, higher-order singularities
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glasstransitions
in the square-well
system {
variation of well
width �
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to conclude

(Liu/Nagel 1998) 0.45 0.5 0.55 j
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The Liquid plane alone is rich in unexpected and nontrivial phenomena.
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