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Volumetric Scattering
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Lippmann-Schwinger Integral Equation

Requires O(N2) per iteration – Must find more efficient integrator
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Numerical Solution:
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Solve this linear system using an iterative 
method (GMRES, BiCG, etc.)
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FFT-Based Integration: Trapezoidal Rule

Exponential convergence!



A Fast, High-Order Method for Smooth Scatterers
Decompose the Green�s function
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Singular at x = 0, 
compact support
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Integral is smooth and periodic 
as a function of x SeriesFourier ⇒

Integrand is smooth and periodic 
as a function of y for each x Rule Trap.⇒

High-Order Accuracy with O(N log N) complexity!



Cubic lattice (5λ x 5λ x 5λ) of smooth, inhomogeneous scatterers (potentials)

Applications in materials science (e.g. neutron and electron diffraction)

Superalgebraic Convergence for Smooth Scatterers

Refractive Index Isosurface Near Field Intensity
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A High-Order Method for Discontinuous Scatterers
Discontinuous m(x) Decompose into thin volume patches and 

bulk volume patches
T1

T2

BΩ

Integrate with 
Fourier method!



Integration on Thin Volumes

Difficulties:
! g(x) is singular when x=0

! Direct evaluation is costly – O(N2)
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High-order accuracy achieved through a 
regularizing change of variables and 
trapezoidal rule integration 

Equivalent sources
(on Cartesian grid)

True

Both produce the same 
fields at (non-adjacent) 
target points

sources
Efficiency achieved by an acceleration 
scheme based on sparsely distributed 
equivalent sources on a Cartesian grid      
(       FFTs!)



Intensity (κa=4)

Numerical Results
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Conclusions

! We have developed a fast, high-order accurate method for 
scattering by penetrable, inhomogeneous media

! Similar methods could be useful for other problems which 
admit integral equation formulations (surface scattering, 
electrostatics, elasticity and fluid dynamics)

! Soft matter applications: Microscopy, diffractometry, 
ER/MR fluids, ferroelectrics, liquid crystal displays? 
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Intensity (κa=4)
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Numerical Results: Accuracy
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Numerical Results: Parallelization

Example: Beowulf cluster with ethernet interconnect

Most trivial parallelization scheme:  Only 
computation of adjacent interactions is 

divided among the processors
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Communication 
begins to dominate



Complex Scatterers
Patches Partition of unity



Complex Scatterers

2)(1)( xnxm −= Intensity (κa=4)



Scatterer composed of a cube, layered spheres, and inhomogeneous components

Complex Scatterer

Refractive Index (2.5λ x 5λ x 2.5λ) Near Field Intensity

Far Field Intensity
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Resolving Edge Discontinuities
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Integration on Thin Volumes

Difficulties:
! g(x) is singular when x=0

! Direct evaluation is costly – O(N2)
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Costly
Accelerate with 
equivalent sources
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Adjacent Interactions
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Non-adjacent Interactions

Compute interactions with FFTs⇒
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Expensive!

Accelerator:

Equivalent sources
(on Cartesian grid)

True sources

Both produce the same fields 
at (non-adjacent) target points
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