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Flow down incline: experiments

[Pouliquen (1999)]

Scaling:

V(h) / h3=2=hstop

Origin of this scaling?

Velocity pro�le?
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Assumptionof local rheology

[Ertaş etal (2001)]

Molecular dynamics

Observe hstop

Velocity pro�le:

u(y) / h3=2 � (h � y)3=2

Stress:

P = � g(h � y) cos�

� = � g(h � y) sin�

Bagnold's scaling in the bulk: � / _
 2
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A few questions

Which mechanism induces jamming?

How can Bagnold's scaling be taken into account?

Why should/shouldn't local rheology holds?

Role of:
Multibody interaction/inelastic collapse
Friction

Plan: [Lemaitre, PRL 89, 064303]
Approach based on STZ theory of plasticity
+ incorporating Bagnold's scaling
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Non-af�ne deformations

An af�ne deformation is determined by tensor �

Take a set of molecules: (~r1; : : : ;~rn)

Displacement: ~r i ! ~r 0
i : ~r 0

i � ~r 0
0 = (1 + � ):(~r i � ~r0)

Inverse problem: given ~r i ;~r 0
i , is the deformation af�ne?

Find the best af�ne �t �

D2
min(t; � t) =

min
�

X

i

(~r i (t) � ~r0(t) � (1 + � ):(~r i (t � � t) � ~r0(t � � t))) 2

Rk: if D2
min = 0 ) then single � tensor good for all

particles!
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ShearTransformation Zones(STZ)

Falk criterion for non-
af�ne deformation

Local rearrangements
of two-state systems:

n+ n�R+

R�
_
 = A 0(R+ n+ � R� n� )

Population dynamics
for n�
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ShearTransformation Zones(STZ)

_
 = A 0(R+ n+ � R� n� )

_n� = R� n� � R� n� + � _
 (A c � A a n� )

Introduce:

� =
n� � n+

n1
and � =

n+ + n�

n1

Leads to:

_
 = R0 (� � � �)

_� =
_

� 0

(1 � � 0 � �)

_� = � 0 �
_

� 0

(1 � �)
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Origin of Bagnold'sscaling?

Kinetic theory:
� = � _


� /
p

T

� _
 / T3=2

Goddard: dynamics of force chains

Homogeneous deformation in a shear cell
Perfectly hard-spheres
Dissipative collisions

Perfect friction: j ~Tj < � s ~N and ~T = � � d ~N
Then: Exact invariance of the equations of motion
when scaling t ! t

p
F0 and ~F ! ~F =F0
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Scalingform for constitutiveequations

De�ne T as associated to fastest timescale

Frequency of “events” is
p

T

Consequently: T / hv2i � hvi 2

_
 (� ; P; � i ; : : :) =
p

T F (
�
P

; � i ; : : : )

_� i =
p

T Gi (
_


p
T

;
�
P

; : : :)

_T = � _
 � � T T3=2

In the following: forget other state variables � i (typically
density) and concentrate on consequences of this
invariance and dynamics of T
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STZ equationsfor GM

Constitutive equations:

_
 = E0
p

T
�

�
�
P

� �
�

) � = �
�
P

_� =
_

� 0

�
1 � � 0

�
P

�
�

) � =
P

� 0�

_� = � 0
� _

P� 0

(1 � �)

) � = 1

_T = � _
 � � T3=2
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STZ equationsfor GM

Jammed state ( _
 = 0):

_
 = E0
p

T
�

�
�
P

� �
�

) � = �
�
P

_� =
_

� 0

�
1 � � 0

�
P

�
�

) � =
P

� 0�

_� = � 0
� _

P� 0

(1 � �)

) � = 1

_T = � _
 � � T3=2

Lemaitre: UCSB Physics – p.10/14



STZ equationsfor GM

Steady �o w:

_
 = E0
p

T
�

�
�
P

� �
�

) � = �
�
P

_� =
_

� 0

�
1 � � 0

�
P

�
�

) � =
P

� 0�

_� = � 0
� _

P� 0

(1 � �) ) � = 1

_T = � _
 � � T3=2

Whence: T =
E0

�

�
tan � �

1
� 0 tan �

�
�

( _
 )2 = E3
0

�
tan � �

1
� 0 tan �

� 3 �
�
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STZ equationsfor GM

_
 = E0
p

T
�

�
�
P

� �
�

) � = �
�
P

_� =
_

� 0

�
1 � � 0

�
P

�
�

) � =
P

� 0�

_� = � 0
� _

P� 0

(1 � �)

) � = 1

_T = � _
 � � T3=2

Coulomb angle:

tan � =
1

p
� 0

:
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Numerical validation

Implement code of contact dynamics:
In Lees-Edwards boundary conditions
For a �o w down a plane

Independent measurements of:
Components of stress tensor
Granular temperature
Average velocity pro�le

Test assumptions of STZ theory

Test homogeneous constitutive equations from LE cell

Attempts to extrapolate to shear �o w down a plane
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Numerical results

In LE cell:
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Steadystaterelation
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Conclusion

Local rheology: when � >> D r :�

Bagnold's invariance: _
 /
p

T

Other effect related to temperature:
Diffusion ! �attens velocity pro�le
Boundary conditions on T

Behavior close to jamming � creep in metallic glasses

Other state variables?
Density
Anisotropy of Temperature

Crossover to dilute regimes?

Other derivations of constitutive equations?
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