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Outline

²SmallDeviationProblems
Jointworkwith:

F.Gao,UniversityofIdaho

T.-Y.Lee,UniversityofMaryland

F.Torcaso,JohnsHopkinsUniversity

²AdvancedDistributionalTheoryforSiZer
JointworkwithJ.S.Marron
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SmallBalls

²Theobjectofinterest:P(jjX(t)jj<²)»g(²):

²Veryoftenonecouldonlyget:¡logP(kX(t)k<²)»h(²):

²Connectionsofsmallballs:

{Exittimes:IfXhasascalingpropertywithscalings(t),

P(¿a>t)=P(kXk[0;t]<a)=P(kXk[0;1]<a=s(t)):

{Quantization,Metricentropy,l-approximationsnumbers,
etc.(seearecentsurveyLi&Shao(2001))
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Background

²Karhunen-Loµeveexpansionimplies:
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²LaplacetransformofthesquaredL2ball
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²SytajaTauberiantheorem(1974)
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whereh(t)=logL(t)andlim"!0
t"+th0(t) p

t2h00(t)
=0:

aThisresulthasaninterestinghistory.Itappearstohavebeeninde-
pendentlyreprovedintheliteratureoverandoveragainby,e.g.,Ho®mann-
Jorgensen,Shepp&Dudley(1979),Ibragimov(1982),Dembo,Mayer-Wolf&
Zeitouni(1995).ThisparticularformisduetoLifshits(1997)whoproveda
similarresultforverygeneral»n.
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Ourcontributions

²ObtainedaclosedformexpressionfortheLaplacetransformof
thesquaredL2ballusingamethodthatworksforawiderange
ofGaussianprocesses.

²CalculatetheexactL2smallballasymptoticsformany
Gaussianprocesses.Thisisanimprovementoverthe
logarithmicratesusuallyobtainedinliterature.

²De¯neandstudyanewclassofintegratedGaussianprocesses.

²GeneralizethecomparisontheoremofLi(1992).
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GeneralComparisonTheorems

²Takeasequenceofi.i.d.randomvariables³nwithadistributionfunction
F(x).

²De¯netheindexofvariation

®:=lim
x!1

logF(1=x)

logx
:

²Letf³ngbeasequenceofi.i.d.positiverandomvariablessatisfyingsome
regularityconditionsrelatedtothebehaviorofF(1=x)atin¯nity.Let
fangandfbngbepositive,non-increasing,summablesequencessuchthat
Q1

n=1(an=bn)converges.Thenas"!0+
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AdvancedDistributionalTheoryforSiZer

²SiZerisatoolforexploratorydataanalysis
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Figure1:ConventionalSiZer(ChaudhuryandMarron,1999)analysisofthe
Donoho-JohnstoneBlocksregression,withhighnoise.Trueregression,data
andscalespaceshowninFigure1a.SiZeranalysisinFigure1b.
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SizeProblemForConventionalSiZer

²Itperformsalargenumberofstatisticaltest.

²Originalmultipletestingadjustmenttooanti-conservative:

Figure 2a
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Figure2:ConventionalSiZermaps,basedonsimulatednulldistributions,for
n=1600equallyspacedregressiondatapoints.Figures2a,b,canddarefor
0.5,0.75,0.85and0.95,respectively,quantilesofdistribution.
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Solution

²EachrowoftheSiZermapiscreatedbyalargenumber(g)of
statisticaltests.

²ThedistributionoftheteststatisticsT1;T2;:::;Tgcanbe
approximatedbyameanzero,varianceone,stationary
Gaussiansequence.

²UsingresultofHsing,HuslerandReiss(1996)weget

P[max(T1;:::;Tg)·x]:=©(x)µg;

where©(x)isstandardGaussiandistributionfunctionand

µ(b)=2©

Ãr

3log(g)
h
1¡exp

³
¡1=(2b)2

´i
!

¡1

²Usethisapproximationtosettherejectionregion(row-wise
adjustment).

²Therowsareapproximatelyindependent(globaladjustment).
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Sizeofthenewsolution

²Row-wiseprocedureshownbelow.Globalprocedure(all
purple).

Figure 3a
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Figure3:SiZermapsforsimulatednulldistributions,forn=1600equally
spacedregressiondatapoints,basedonthenewrow-wiseprocedure.Figures
3a,b,canddareforthe0.5,0.75,0.85and0.95,respectively,quantilesofthe
distribution.
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